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Abstract 
To the authors knowledge, there exists no recent review paper on the compu­

tation and use of trajectories. To fill this gap, this study summarizes the current 
knowledge on the calculation and application of trajectories. The different tech­
niques that can be used to compute trajectories are presented and their error 
sources are described. The assumptions often made to account for the vertical 
wind velocity are explained. Most studies agree now that fully three-dimensional 
trajectories are the most accurate trajectory type. Methods to assess trajectory er­
rors are outlined and a sunmiary of the errors presented in the literature is given. 
Errors of 20% of the distance travelled seem to be typical for trajectories com­
puted from analyzed wind fields. Finally, some important applications of trajec­
tories, namely Lagrangian particle dispersion models, Lagrangian chemical box 
models and trajectory statistics, are discussed. 

1. Introduction 

Trajectory models, which describe the paths air parcels take, have been used to 
study dynamical processes in the atmosphere for several decades now. Applica­
tions vary from synoptic meteorology, for instance to investigate airmass flow 
around mountains (Steinacker, 1984), to climatology, for instance to identify 
pathways of water vapor transport (D'Abreton and Tyson, 1996) or desert dust 
(Chiapello et al., 1997), to the environmental sciences, for instance to estab­
lish source-receptor relationships of air pollutants (Stohl, 1996a). They may 
be even used to detect illegal cultivation of marihuana by combining pollen 
measurements in the ambient air with back trajectories (Cabezudo et al., 1997). 

Various methods to compute trajectories, based on different assumptions, 
have been developed, and the accuracy of calculated trajectories has improved 
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gradually since 1940 when Petterssen (1940) introduced a graphical technique 
to compute trajectories. In the literature, calculated trajectories are sometimes 
interpreted as if they represent "ground truth", but this is never the case. Tra­
jectories are often highly uncertain, which can eventually lead to serious mis­
interpretations of a flow situation if the magnitude of the errors cannot be 
estimated (Kahl, 1993). One objective of this paper is to describe and com­
pare the different methods developed to calculate trajectories, and to describe 
the data sources usually available for trajectory calculations. It will be dis­
cussed how accurate trajectories typically are, on what factors their accuracy 
depends, and how it can be estimated in individual situations. This is of funda­
mental importance, since the resolution at which source-receptor relationships 
can be established is limited by the accuracy of the trajectories (Pack et al., 
1978). 

Another topic of this paper is to discuss how trajectories are applied in the 
environmental sciences, beginning with a brief discussion on Lagrangian par­
ticle dispersion models (LPDM). LPDM are an interesting extension to con­
ventional trajectory models, since they allow a more realistic representation of 
transport in the planetary boundary layer where turbulence is important. 

It will be analyzed how trajectories can serve as an input to Lagrangian 
box models. Lagrangian box models are often used to simulate complex phys­
ical and chemical processes occurring in the atmosphere. These models are 
very popular because they pose smaller computational demands than Eulerian 
chemical transport models. 

Several decades ago trajectories were only used to investigate the transport 
processes associated with individual air pollution events, but now there exist 
sophisticated methods based on large sets of trajectories, to study also the air 
pollution climatology of a site. These methods will be presented. 

2. Computation of trajectories 

2,1, Definition 

There exist two different ways to view air motions, namely the Eulerian and the 
Lagrangian perspectives (Byers, 1974; Dutton, 1986). The first one focuses on 
points fixed in space through which the air flows, the second one on individual 
air parcels as they move through time and space. The paths of these air parcels 
are known as trajectories. 

Let us assume that we have a specific infinitesimally small air parcel, then 
its trajectory is defined by the differential trajectory equation 

^ = X [ X ( 0 ] (1) 
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with t being time, X the position vector and X the wind velocity vector. If 
we know the initial position XQ at time ô of the parcel, its path is completely 
determined through Eq. (1). We can write 

X ( 0 = X ( X o , 0 . (2) 

We can also find the inverse transformation 

Xoa = ?o) = Xo(X,0 (3) 

which gives the initial coordinates of the parcel, which at time t is at posi­
tion X. Thus, air parcels may be followed either forward (forward trajectories) 
or backward {back trajectories) in time. The spatial coordinates XQ at time ?o 
provide a means of identifying each air parcel for all time. These initial coor­
dinates are called material or Lagrangian coordinates (Dutton, 1986). 

An important feature of trajectories is that particles that are initially neigh­
bors remain neighbors for all time. A line of particles at time t^ remains an 
unbroken line at time t, no matter how it is distorted by the motion. This can 
be expressed by 

lim |X(Xo + AXo, 0 - X(Xo, 01 = 0. (4) 

The most important property of Eq. (4) is that particles that are inside a closed 
surface at time ô are forever separated from those outside. The closed surface 
that moves with the flow is called a material surface. An interesting application 
of this feature is contour advection (Waugh and Plumb, 1994). 

It has to be noted that trajectories are different from streamlines. A stream­
line represents the direction of flow at a fixed instant of time and thus is every­
where tangent to the velocity vectors. At a certain instant of time, each particle 
in the flow is moving along its trajectory and so the streamlines are parallel 
to the trajectories, but as time passes, the streamlines must adjust to the flow 
and trajectories and streamlines are no longer parallel. Only during stationary 
conditions are the trajectories and the streamlines the same. 

The idealized concept discussed above is not fully applicable in the real 
atmosphere. With the limited information available, it is not possible to pick an 
infinitesimal air parcel and follow its path with infinite accuracy. A real parcel 
of finite size may become distorted so strongly in a divergent flow that it is 
torn apart. Pfliiger et al. (1990) remark to this problem (from German): "Real 
air parcels of finite dimensions are drawn asunder and are being deformed by 
inhomogeneities of the wind field, by turbulent and convective motions and 
by precipitation processes. The combined action of these factors is the reason 
for the fact that in general a single trajectory is not sufficient for a description 
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of the path [of an air parcel] and that the mass center of gravity of the air 
parcel does not exactly follow the path of the computed trajectory." Hence, a 
computed trajectory is representative for the path of an air parcel only for a 
limited period. 

2,2, Solution of the trajectory equation 

Eq. (1) can be solved analytically only for simple flow fields; for meteoro­
logical applications, a finite-difference approximation of Eq. (1) must be used 
(Walmsley and Mailhot, 1983). Expanding X(r) in a Taylor series about t = tQ 
and evaluating at t\ = fo -I- A/, one obtains 

X(/i)=X(/o) + ( A / ) ^ 
at 

1 .d^X 
+ •••• (5) 

The first approximation to Eq. (5) is 

xa,)^x(fo) + (Aoxao) (6) 
a ''zero acceleration'" solution of Eq. (1) that is computationally cheap since 
it involves no iteration. It is accurate to the first order, which means that dif­
ferences between the real and the numerical solution occur from the ommision 
of the second- and higher-order terms. If trajectories are calculated using very 
short integration time steps, Eq. (6) might be of sufficient accuracy. However, 
more accurate approximations at acceptable computational costs exist. If \{t) 
is also expanded in a Taylor series about t = t\ and evaluated a ^ = fo. this 
yields: 

X{to)=X{t^)-{^t)^ 
at 

Combining Eqs. (5) and (7), we obtain 

1 . .od^X 2 ' 

+ 2^^'^ d,̂  (7) 

X(r,) ^ X(fo) + \ (Ar)[X(ro) + X(f,)] 

1 ,rdX| dXM + -(A02 - - - — +••-. (8) 
4 Ldf |,„ dt I ,J 

If only the first two terms on the right-hand side of Eq. (8) are retained, the 
"constant acceleration " solution 

X{t\)^Xito) + ^ (AO[X(fo) +X(fi)] (9) 
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results (Walmsley and Mailhot, 1983). This approximation is identical to Pet-
terssen's (1940) scheme, originally a graphical method to construct isobaric 
trajectories manually from weather charts. Eq. (9) is accurate to the second 
order. It has to be solved by iteration starting with Eq. (6), since X(t{) is not a 
priori known: 

X\ti)^X(to) + (At)X(to) 

X\ti) ^ Xito) + ^ (At)[X(to)^xHti)] 

X\ti) ^ Xito) + ^ (At)[X(to)+X'-\ti)l (10) 

The superscripts indicate the number of iteration, and X̂  (^i) is taken at posi­
tion X'(^i). 

Sometimes, the third term on the right-hand side of Eq. (8) is retained, too 
(''variable acceleration'' method). In principle, this solution gives higher accu­
racy at the cost of increased computing time, but it has the disadvantage that the 
accelerations at two times must be evaluated. This can be inaccurate because 
wind fields are often available only at large temporal intervals. Hence, the vari­
able acceleration method may even be less accurate than the constant acceler­
ation method. If linear interpolation of the wind is used, the third term on the 
right-hand side of Eq. (8) vanishes, and the "variable acceleration" method 
reduces to the "constant acceleration" method. 

All solutions discussed sofar are kinematic because they use the wind infor­
mation only. Danielsen (1961) developed a technique to construct trajectories 
by tagging air parcels with {quasi-) conservative quantities such as potential 
temperature. Although two-dimensional kinematic trajectories can also be con­
structed on isentropic surfaces, Danielsen's (1961) method is dynamic because 
it makes use of velocity and mass field information and of dynamic equations 
linking the two (Merrill et al., 1986). Various different dynamic methods have 
appeared in the literature. The one of Petersen and Uccellini (1979) is based 
on the integration of the equation of motion for inviscid, adiabatic flow in isen­
tropic coordinates, 

^ + V0M + / k x v h = O, (11) 
at 

where Vh represents the horizontal wind vector, V© is the gradient on isen­
tropic surfaces, M = CpT -\-gzi^ the Montgomery potential, with Cp being the 
heat capacity of air at constant pressure, T the temperature and gz the geopo-
tential, and / the Coriohs parameter. Using an estimation for the wind at the 
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starting position and integrating Eq. (11), this method produces wind vectors 
along a trajectory. 

For some time, dynamic methods were very popular (Merrill et al., 1986; 
Steinacker, 1984) because they allowed to use long intervals between the 
wind fields. For instance, Merrill et al. (1986) found that dynamic and two-
dimensional kinematic trajectories calculated on isentropic surfaces agree very 
well for short intervals between the wind fields, but that dynamic trajectories 
calculated either with the implicit technique of Danielsen (1961) or with the 
explicit technique of Petersen and Uccellini (1979) are superior for wind field 
intervals in excess of 3 h. However, Stohl and Seibert (1997) showed that dy­
namic trajectories calculated with Steinacker's (1984) explicit method can per­
form unrealistic ageostrophic oscillations at travel times longer than 24 to 48 h 
that result from inaccurate determination of M. Since nowadays accurate wind 
fields with high space and time resolution are available, kinematic trajectories 
are more accurate (Stohl and Seibert, 1997). 

23. Data sources for the computation of trajectories 

In principle, trajectories can be calculated directly from wind observations 
by interpolating between the measurement locations. In practice, however, 
trajectory calculations are mostly based on the gridded output of numerical 
models. The most simple models are diagnostic wind field models (Sherman, 
1978; Goodin et al., 1980; Ross et al., 1988; Mathur and Peters, 1990; Scire 
et al., 1990; Ludwig et al., 1991), some doing little more than interpolating 
radiosonde measurements, and adjusting them to fulfill mass consistency. Al­
though their grid spacing may be much smaller than the average distance be­
tween radiosondes, due to a lack of model physics their effective resolution 
at upper levels is often limited by the resolution of the radiosonde network. 
Hence, there may be not much difference to interpolating directly from the 
measurement locations. If a dense network of surface wind measurements ex­
ists, the downscaling technique of Stohl et al. (1997) can yield more accurate 
wind fields in the planetary boundary layer (PBL) than conventional diagnostic 
models, but its applicability may be restricted to rather simple terrain. 

On the synoptic scale, the most accurate wind data come from numerical 
weather prediction (NWP) centers. They use the most sophisticated methods 
currently available to produce accurate analysis fields to start their model fore­
casts. Hence a time series of these analyses should be used whenever possible. 
An additional bonus of this data source is that the data are easily accessible to 
many researchers. From most NWP models, data are available either on levels 
used internally by the model or on pressure levels that are interpolated from the 
model levels for synoptic purposes. For trajectory calculations, data on model 
levels are clearly better suited since interpolation errors are much smaller. 
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On the mesoscale, prognostic mesoscale models may produce more accu­
rate wind fields (Pielke et al., 1992; Grell et al., 1995; Schliinzen, 1994). This 
requires, however, a very sophisticated and well validated modeling system. 
Important criteria that should be considered when the output of a mesoscale 
model is selected as the basis of trajectory computations are: 

• Is the model physics suitable for the scale considered, for instance is the 
model non-hydrostatic? 

• Is the terrain resolution sufficient? 
• Is the soil moisture specified adequately? 
• Are the data used for model initialization and for boundary conditions of 

high quality? 
• Are four-dimensional data assimilation techniques used to improve the fore­

cast or to develop a better analysis archive? 

Only modeling systems that are carefully selected according to the above 
and many other criteria can reproduce real small-scale structures in the wind 
fields. Otherwise, the wind fields, although containing much variation, may 
actually be less accurate than those of NWP models or those derived from 
radiosonde measurements. 

2,4, Error sources for the computation of trajectories 

Before discussing error sources, it is necessary to describe how differences 
between trajectories can be measured. Assessment of trajectory errors is often 
done in a statistical framework. Unfortunately, there exists some confusion in 
the literature regarding the statistical parameters used. Sometimes the same 
names have been given to different parameters, or different names have been 
given to identical ones. A measure that has been adopted by many authors in 
recent years is the absolute horizontal transport deviation (Kuo et al., 1985; 
Rolph and Draxler, 1990) 

1 ^ 
AHTD(0 = - Y.[[Xn{t) - xn{t)f + [Ynit) - yn{t)f\"^. (12) 

n=\ 

where Â  is the number of trajectories used, X and Y are the locations of the 
test trajectories and x and y are the locations of some reference trajectories at 
travel time t. A similar measure can be defined in the vertical. 

Another parameter often used is the relative horizontal transport deviation 
(RHTD). However, there exist several different definitions of RHTD. Some au­
thors define RHTD as the AHTD divided by the average length of the reference 
trajectories (e.g. Rolph and Draxler, 1990), while others divide by the average 
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length of test and reference trajectories (e.g. Stohl et al., 1995). In addition, 
the length of the trajectories is sometimes defined as the straight-line distance 
between the starting and ending points (e.g. Kuo et al., 1985), and sometimes 
as the length of the curved trajectory (e.g. Rolph and Draxler, 1990; Stohl 
et al., 1995). Currently, no general suggestion can be made regarding which 
of these definitions should be used in future work, but it is important to keep 
these differences in mind when comparing relative errors from different stud­
ies. Several other measures, like directional deviations, differences in length 
or in meandering, etc., have also been used, but it seems advisable to report 
them only in addition to AHTD and RHTD since they cannot be compared as 
readily with results of other authors. 

Once large trajectory errors have occurred, trajectories separate further not 
only due to the occurrence of additional errors, but also due to the wind shear. 
An anonymous reviewer of the original version of this paper commented to 
this fact: "It hardly seems important to compare trajectories after they have 
separated some distance and are in different flow regimes—after which the 
errors will just amplify. It seems we need some type of approach that measures 
the length scale of the flow in which the trajectory is calculated. Once the error 
exceeds the length scale any further statistics are meaningless." Unfortunately, 
no such length scale has been used yet. 

2.4.1. Truncation errors 

The so-called truncation errors result when Eq. (1) is approximated by a finite-
difference scheme that neglects the higher order terms of the Taylor series. 
Walmsley and Mailhot (1983) showed that the truncation error is proportional 
to A^ for the zero [Eq. (6)] and proportional to (A/)^ for the constant [Eq. (9)] 
and variable acceleration method. It can be kept below any desired limit by 
using sufficiently small A/. 

Walmsley and Mailhot (1983) computed trajectories with a numerical 
scheme of high order using very short time steps to keep truncation errors neg­
ligible. They compared these "exact" trajectories with ones computed with the 
operational methods discussed above using time steps of 3 h. After 42 h, po­
sition errors of the trajectories were 300 km for the zero acceleration, 100 km 
for the constant acceleration and 40 km for the variable acceleration method. 
Since an error of 300 km is significant when compared to other errors, the zero 
acceleration method can only be used with time steps much shorter than 3 h. 

Similar results were obtained by Seibert (1993) who compared analytical 
solutions of the trajectory equation with numerical solutions. For a purely ro­
tational flow she derived a stability criterion Af < 4/|f |, where ^ is the relative 
vorticity of the flow. For longer time steps, the constant acceleration scheme 
does not converge. Assuming a (large) relative vorticity ^ = 2 x 10"^ s~^ the 
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time step must be smaller than 6 h. Seibert (1993) also showed that even when 
convergence is achieved, prohibitive truncation errors can occur. If truncation 
errors are to be kept below 1% of the distance travelled, the time step must be 
shorter than 1 h for f = 2 x 10"^ s~ ̂ . Since, on the one hand in most of the sit­
uations the time step requirements will be less demanding, while on the other 
hand a few situations may even be more demanding, Seibert (1993) recom­
mended to use a scheme that automatically adjusts the time step to the actual 
flow situation. This was already done by Maryon and Heasman (1988), who 
used the difference between the constant and the variable acceleration scheme 
to estimate the truncation error. If the smallest features resolved by the wind 
data are to be reproduced in the trajectories, no grid cell must be skipped dur­
ing a time step. Thus, the Courant-Friedrichs-Lewy criterion A^ < /S.Xi/\vi |, 
where Ax/ are the grid distances and vi are the wind components, may serve 
as an upper limit for the flexible time step (Seibert, 1993). 

2.4.2. Interpolation errors 

Wind data are available only at discrete locations in space and time, either 
as irregularly spaced observations or as the gridded output of meteorological 
models. In either case, the wind speed must be estimated at the trajectory po­
sition by the trajectory model. This interpolation causes errors that affect the 
trajectory accuracy substantially. 

Most trajectory models are based on gridded wind fields, but since radioson­
des are the most important data for analyzing wind fields, it is interesting to 
discuss the errors caused by interpolation of radiosonde winds. Kahl and Sam­
son (1986) selected three reference sites in the United States and tried several 
interpolation methods to estimate the wind vectors at these sites from all other 
radiosonde measurements. They found mean spatial interpolation errors in the 
horizontal wind components at an altitude of 1000 m of 3-4 m s~^ The tem­
poral interpolation errors were of similar magnitude. Kahl and Samson (1986) 
developed what they called a "trajectory of errors" procedure. They calculated 
an error trajectory, assuming that at each time step a normally distributed error 
with a standard deviation determined from the interpolation experiments oc­
curs. Conducting a Monte Carlo simulation, Kahl and Samson (1986) found a 
mean trajectory position error after 72 h travel time of 400 km. However, since 
their approach did not account for the growth of trajectory errors in divergent 
wind fields, this might be an underestimation. In a different estimation, Kahl 
and Samson (1988a) found a lower limit of the mean trajectory error caused by 
interpolation of 100 km after 24 h travel time for the same data set. Kahl and 
Samson (1988b) repeated their study for another dataset gathered during highly 
convective conditions and found larger average interpolation errors of 5 m s~^, 
yielding estimated mean trajectory position errors of 500 km after 72 h. 



624 A. Stohl 

To examine the errors caused by interpolation from wind fields produced by 
prognostic meteorological models (either forecasts or initialized analyses), the 
usual method is to artificially degrade the grid resolution, interpolate the wind 
data to the original grid and compare with the undegraded data. Also, the tem­
poral resolution may be varied. Stohl et al. (1995) evaluated the performance of 
several different interpolation methods. They found that Unear interpolation is 
most accurate in time, but interpolation methods of higher order reduce errors 
in space as compared to linear interpolation. Similar results for spatial inter­
polation were obtained by Walmsley and Mailhot (1983). Stohl et al. (1995) 
also found that interpolation of the vertical wind component w produces larger 
errors than the interpolation of the horizontal components because of its high-
frequency variability. 

The effect of degrading the wind field resolution on trajectory accuracy was 
addressed in several studies (Kuo et al., 1985; Doty and Perkey, 1993; Rolph 
and Draxler, 1990; Stohl et al., 1995). One finding of these studies is that the 
growth of trajectory position errors with travel time caused by interpolation 
is approximately linear, but the most important result is that the spatial and 
temporal resolution of the wind fields must be in balance in order to limit 
the trajectory errors. An increase in spatial resolution alone does result in just 
marginally more accurate trajectories when the temporal resolution is low. On 
the contrary, increasing the temporal resolution alone is also not very effective 
when the spatial resolution is low. In any case, a minimum resolution of 6 h is 
necessary if any diurnal variations in the flow field are to be resolved. 

As an example, the results of Rolph and Draxler (1990) are summarized in 
Table 1. At high spatial resolution, trajectories are more sensitive to a reduc­
tion of the temporal resolution than to a reduction of the horizontal resolution. 
However, at 360 km resolution, except for the 12 h case, the coarse spatial 
resolution becomes the dominant reason for trajectory errors. 

The effect of interpolation errors on trajectory accuracy may also depend on 
the complexity of the flow situation. Stohl et al. (1995) found larger sensitivity 
to interpolation errors for trajectories crossing the Alps than for others. On the 
contrary, the sensitivity to interpolation errors did not depend on the starting 

Table 1. Mean horizontal trajectory position deviations (km) from the high-resolution reference 
trajectories after 96 h travel time for varying spatial and temporal resolutions of the input data as 
found by Rolph and Draxler (1990) 

Spatial resolution 
(km) 

90 
180 
360 

2h 

0 
166 
417 

Temporal resolution 

4 h 

250 
281 
444 

6h 

411 
418 
517 

12 h 

734 
733 
730 
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position of the trajectories (either in or outside a tropopause fold) in the study 
ofScheeleetal. (1996). 

2.4.3. Errors resulting from certain assumptions regarding the vertical wind 

Trajectory errors are also related to different assumptions regarding the vertical 
wind component w. In contrast to the horizontal wind, there are no routine ob­
servations of w. Fields of w are a sole product of meteorological models, and 
hence they are less accurate than the fields of the horizontal wind. Sardesh-
mukh and Liebmann (1993) compared circulation analyses of the European 
Centre for Medium-Range Weather Forecasts (ECMWF) and the U.S. National 
Meteorological Center (NMC) for the tropics. They found a signal to noise ra­
tio of the divergence of the horizontal wind at 200 hPa of only 2 .1 :1 . Since w 
is balanced by the vertically integrated horizontal wind divergence, this shows 
the large uncertainty of w at low latitudes, mainly caused by difficulties in the 
parameterization of cumulus convection which is also of significance at higher 
latitudes during the summer. Nevertheless, if accurate fields of w are available, 
three-dimensional trajectories are more accurate than all the others (Martin et 
al., 1987, 1990; Stohl and Seibert, 1997). 

Fuelberg et al. (1996) pointed out that it is important to obtain vertical veloc­
ities directly from a dynamically consistent numerical model. Vertical motions 
diagnosed from the horizontal wind components using the principle of continu­
ity are much less accurate. Trajectories computed with these vertical motions 
sometimes experience unrealistically large diabatic heating or cooling rates, 
whereas dynamically consistent vertical motions keep the diabatic heating and 
cooling rates within the limits expected from theory. 

The simplest alternative to three-dimensional trajectories is the neglection 
of w, resulting in two-dimensional trajectories in different coordinate systems. 
Often used are isobaric trajectories, but they are the least realistic; they may 
even travel below the topography. Also popular are terrain-following trajec­
tories, e.g. the isosigma trajectories, for which a = (p — pt)/{ps — Pt) is kept 
constant (where p is the pressure, ps the pressure at the ground and pt the pres­
sure at the highest model level). They may be better than isobaric trajectories 
in mountainous areas, but they neglect vertical motions of synoptic origin. 

In isentropic coordinates, trajectories are truly two-dimensional under adia-
batic and inviscid conditions (Danielsen, 1961; Petersen and Uccellini, 1979; 
Merrill et al., 1985, 1986; Artz et al., 1985). However, large problems are en­
countered in the PBL and in saturated moist air, where diabatic effects are most 
important. Draxler (1996a) demonstrated that isentropic and three-dimensional 
trajectories resemble each other closely during most of the time (90%), but can 
differ substantially when they enter baroclinic regions of the troposphere. Stohl 
and Seibert (1997) found that isentropic trajectories are affected more than oth-
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ers by dynamical inconsistencies between subsequent wind fields which occur 
when a sequence of wind analyses is used for the trajectory calculations. 

In the PBL, the concept of a trajectory being representative for the path of an 
air parcel does not hold; such a parcel quickly looses its identity by turbulent 
mixing. Stochastic Lagrangian particle dispersion models (see Section 4.1) can 
be applied to simulate the transport in the PBL, but they are demanding on 
computer resources and not generally applicable. Several simple methods have 
been proposed instead to approximate transport processes in the PBL by single 
trajectories. Often used are trajectories that are advected with the vertically 
averaged wind in the PBL (Heffter, 1980; Rao et al., 1983). This approach was 
found to agree best with the dispersion of tracer material (Haagenson et al., 
1987, 1990). Harris and Kahl (1994) combined it with the isentropic concept, 
switching between layer-averaged advection close to the ground and advection 
on isentropic surfaces above. 

If the PBL height fluctuates, transport of tracer material is even more com­
plex. It may be advected partly in the PBL and partly in nighttime residual 
layers aloft. One approach (Henmi, 1980; Heffter, 1983; Comrie, 1994) is to 
branch a trajectory between boundary and free tropospheric layer at each tran­
sition between day and night. Another approach is to average the wind not 
within the boundary layer, but up to the top of the pollutant reservoir layer 
(Stohl and Wotawa, 1995). However, all these methods give only crude ap­
proximations of the real complexities encountered in turbulent flow. 

2.4.4. Wind field errors 

In many cases, errors of the underlying wind fields are the largest single source 
of error for trajectory calculations. Wind field errors can be due to either analy­
sis errors ov forecast errors, depending on the type of wind fields used. Tra­
jectory errors caused by erroneous forecasts are relatively simple to evaluate 
by comparing forecast with analysis trajectories. Maryon and Heasman (1988) 
studied a one-year collection of 950 hPa forward trajectories computed from 
wind fields generated by a NWP model. For trajectories released at 7 = 0 (at 
the begin of the forecast), the mean position error after 36 h travel time was 
245 km, whereas for trajectories released at T = H-36 h (36 h into the forecast 
period) the mean position error after 36 h was 720 km or 60% of the distance 
travelled. 

Stunder (1996) compared a one-year set of forecast and analyzed three-
dimensional 48 h trajectories starting at altitudes of 500, 1000 and 1500 m 
at r = 0 h. She found approximately linear separation rates of 200 km/day. 
After 12 h, the mean position error was between 30 and 40% of the distance 
travelled. Trajectories with minimum relative errors tended to originate within 
strong steady flow either ahead or behind a cold front. Trajectories with maxi-
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mum relative errors originated within high pressure systems. Haagenson et al. 
(1990) found forecast trajectory errors of 400 kmd~^ for a set of 20 boundary 
layer trajectories that were started at T = +5 h. They reported smaller sepa­
ration rates of 200 kmd~^ for analysis trajectories. Stohl (1996a) investigated 
a one year set of terrain-following 96 h back trajectories at a level of 800 m 
above ground terminating at T = +24, T = +48 and T = +72 h. He found 
relative errors at the origin of the trajectories of 16, 26 and 36% of the travel 
distance, respectively. Investigations of forecast trajectories also have been pre­
sented by Heffter et al. (1990) and Heffter and Stunder (1993). Summarizing 
the above findings, it must be concluded that forecast errors can have a large 
effect on trajectory accuracy. Even for calculations that extend only shortly 
into the forecast period, average position errors of 30% are typical. One possi­
bility to assess the uncertainty of forecast trajectories on-line would be to use 
ensemble prediction products, provided for instance by the ECMWF. 

The evaluation of trajectory errors caused by wind field analysis errors can 
be done by comparing trajectories calculated from different analysis data sets. 
Kahl et al. (1989a, b) applied an isobaric model to 850 and 700 hPa analy­
ses provided by the ECMWF and the NMC. The median separation between 
the trajectories after 120 h was 1000 km. Pickering et al. (1994) made a 
similar comparison of isentropic trajectories based on wind analyses of the 
ECMWF and the NMC. Their area of study was the South Atlantic, a re­
gion with scarce observational data. The average separation of the trajectories 
was approximately 1500 km after 120 h travel time and nearly 2500 km after 
192 h travel time, approximately 60% of the distances travelled! Pickering et 
al. (1996) argued that the ECMWF analyses may be slightly more accurate 
than the NMC analyses in that data scarce region. Isentropic trajectory sepa­
rations were slightly smaller in this more recent study, probably caused by an 
improvement in the NMC analysis scheme. However, they also showed that 
three-dimensional trajectories are even more affected by analysis errors than 
isentropic trajectories. 

2.4.5. Starting position errors, amplification of errors, and ensemble methods 

The starting positions of the trajectories are often not exactly known. For ex­
ample, estimations of the effective source height of accidentally released ma­
terial are usually very inaccurate. Another uncertainty is due to the differences 
between the model topography and the real topography, making the selection 
of a starting height difficult. Although the initial trajectory position error may 
be rather small, it can strongly amplify in divergent (forward trajectories) or 
convergent (back trajectories) flow. 

To account for such effects, Merrill et al. (1985) started an ensemble of tra­
jectories with slightly differing initial positions. In most cases, the ensembles 
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stayed close together, but in a few cases the trajectory end points covered a 
very large region, indicating large uncertainty. The use of ensemble methods 
was also encouraged by Seibert (1993) and their capacity for assessing trajec­
tory uncertainty was demonstrated by Baumann and Stohl (1997) in a com­
parison with balloon tracks. Although the ensemble method does not produce 
more accurate trajectories, it gives a reliable estimation of the sensitivity of the 
trajectories to initial errors and other errors. 

Kahl (1996) used a set of stochastic trajectories with random wind compo­
nents typical for interpolation errors added at each time step to the mean wind 
to determine a ''meteorological complexity factor'' (MCF), defined as the av­
erage separation distance between the stochastic trajectories and a reference 
trajectory. He assumed that trajectory uncertainty can be predicted as a func­
tion of the MCF but since the magnitude of the MCF depends critically on the 
integration time step, this method might not be generally applicable. 

An ensemble should ideally consist of trajectories started within a four-
dimensional domain, scaled by the horizontal, vertical and temporal resolution 
of the wind fields and with random interpolation errors added at each time step. 
There remains, however, the difficulty to find the most appropriate scaling fac­
tors for the initial position displacements and for the interpolation errors. The 
random interpolation errors should be autocorrelated, since otherwise their ef­
fect would depend on the integration time step. Unfortunately, it is virtually 
unexplored how to design an ensemble method such that it gives a quantitative 
estimation of the trajectory uncertainty. 

3. Accuracy of trajectories: tracer studies 

The overall accuracy of a trajectory is determined by the integral effect of all 
errors discussed in the previous section. Its assessment is difficult because it 
requires the determination of a ''true'' reference trajectory. Except for labora­
tory studies (Tajima et al., 1997), this is only possible by tagging an air parcel 
by a tracer that is conserved along the trajectory. Many different tracers have 
been used, but none of them is ideally suited, either because it is not conserved 
well enough, because its determination is difficult, or because it is not normally 
available. Studies based on three different classes of tracers, namely balloons, 
material and dynamical tracers, can be found in the literature. Table 2 summa­
rizes some of the results. 

3J, Balloons 

Different types of balloons can be used for trajectory evaluations, but most 
studies have been done with constant level balloons which are intended to re­
main on constant density surfaces (Angell and Pack, 1960; Angell et al., 1972; 
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Hoecker, 1977; Pack et al., 1978; Kahl et al., 1991). Reisinger and Mueller 
(1983) compared 45 tetroon flights (altitudes 300-1500 m, mean travel dis­
tance 90 km) with trajectories calculated from interpolated radiosonde mea­
surements. They found that computed trajectories underestimated the meander­
ing of the tetroons due to the smoothing effect of interpolation. The mean di­
rection difference between computed and tetroon trajectories was 28°. Warner 
et al. (1983) highlighted the importance of prognostic models for providing 
high-resolution input to trajectory models, because trajectories calculated from 
wind analyses were smoother than tetroon trajectories. In an evaluation of sev­
eral different trajectory models using 26 tetroon flights, Clarke et al. (1983) 
found mean errors of approximately 25-30% of the travel distance. Koffi et al. 
(1997a, b) found relative errors of approximately 5-40% of the travel distance 
for constant level balloon flights undertaken during the ETEX tracer experi­
ment. 

Knudsen and Carver (1994) and Knudsen et al. (1996) looked at stratospher­
ic long-duration (0.5-6 d) constant level balloon flights. They found typical 
differences of 20% of the travel distance between trajectories calculated from 
ECMWF analyses and balloon trajectories. Under special circumstances, 24 
and 48 h trajectories had errors exceeding 40%. 

The tracks of manned balloons may also be used for comparison with calcu­
lated trajectories, if changes in the balloon heights are accounted for (Wetzel 
et al., 1995). Draxler (1996b) found an error of 10% of the travel distance for a 
lOOh transpacific balloon flight at a level of approximately 500 hPa. Baumann 
and Stohl (1997) evaluated trajectories calculated from ECMWF analyses us­
ing four gas balloon flights (typical height 2000 m) of 46 to 92 h duration and 
found errors of 4-45% of the distance travelled. The average error after 46 h 
was less than 20%. 

Stocker et al. (1990) used 190000 tagged helium-fiUed latex baUoons 
launched from 800 sites around the United States of which 4.5% were later 
found and returned. Balloon and calculated boundary layer trajectory motion 
were often in complete disagreement, especially under light wind conditions. 
Similar difficulties were reported by Baumann et al. (1996) based on a study 
of hot-air balloon flights in complex terrain. 

The obvious disadvantage of all balloon-based studies is that balloons do 
not follow the real three-dimensional air motions, but tend to stay on pressure 
surfaces or actively change height (manned balloons). Therefore, errors in the 
vertical wind are not detected. 

J.2. Material tracers 

There are two groups of material tracers, material tracers of opportunity, such 
as smoke plumes or geochemical tracers, and inert tracer gases released dur-
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ing specifically designed experiments. Tracers of opportunity may be available 
without the high costs and efforts of planned tracer experiments, but usually 
the source position, strength and/or release time of the tracer material are not 
accurately known. This problem is not encountered within tracer experiments, 
but only a few well-documented data sets on the regional to continental scale 
are available. 

3.2.1. Tracer experiments 

Different chemical compounds have been used as tracers, basic requirements 
being that the material must be chemically stable, not subjected to wash-out, 
rain-out or dry deposition, non-toxic, environmentally safe, detectable at low 
concentrations, and must have near-zero background concentrations. Sulfur 
hexafluoride (SFe) on the local scale (Lamb et al., 1978a, b) and perfluoro-
carbons on the regional to continental scale (Draxler, 1991) have often been 
used. We will focus on regional to continental scale tracer experiments, be­
cause short-range experiments are usually conducted to study turbulent flows 
for which the accuracy of single trajectories can hardly be judged. 

Three tracer experiments received the most interest until now. The first one 
was the Cross-Appalachian Tracer Experiment (CAPTEX), conducted during 
September and October 1983 (Ferber et al., 1986). A total of seven releases 
of a perfluorocarbon was made when winds were predicted to carry it over the 
ground-level sampling network (80 sites) which covered the northeast United 
States and Canada. 

Haagenson et al. (1987) analyzed the tracer data to a grid and derived tracer 
trajectories that tracked the location of the tracer plume centroid. They pointed 
out that this definition of the tracer trajectories is somewhat arbitrary, and alter­
native definitions might be used as well. With the tracer trajectories, they evalu­
ated several types of trajectories and came to the conclusions that surface winds 
should not be used to simulate PBL transport, that wind flow corresponding 
to the low to middle PBL is much more appropriate, that isentropic, layer-
averaged and isosigma trajectories are more realistic than isobaric trajectories, 
and that average errors after 24 h travel time were approximately 200 km. 

Draxler (1987), using the same dataset, found smaller trajectory errors 
(150-180 km as the average for 2 4 ^ 2 h travel time); isentropic trajectories 
were more accurate than isosigma trajectories; increasing the spatial and tem­
poral resolution of the wind fields (using additional radiosondes) improved the 
trajectory accuracy significantly, whereas increasing spatial or temporal reso­
lution alone did not improve it. Chock and Kuo (1990) compared trajectories 
computed from model predicted wind fields with trajectories computed from 
objective wind analyses. They stated that the former were more accurate, espe­
cially in the presence of fronts, but gave no quantitative measure of accuracy. 
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Determining a tracer trajectory from the surface concentration pattern is dif­
ficult, because the spatial structure of the tracer concentrations depends also on 
other factors than the horizontal transport. Shi et al. (1990) used a Lagrangian 
particle model to simulate three CAPTEX releases. Since the calculated tracer 
plumes at higher levels looked very different from the calculated ground-level 
plumes, they concluded that comparisons with the surface tracer concentration 
footprint are not ideally suited to assess the accuracy of trajectories, because 
differences in vertical mixing can lead to substantially different horizontal tra­
jectories due to the vertical shear of the horizontal wind. 

The Across North America Tracer Experiment (ANATEX) was conducted 
from January to March 1987 (Draxler et al., 1991). 33 releases of different 
tracer gases were made simultaneously from each of two locations every 2.5 
days, alternating between daytime and nighttime releases. Ground-level air 
samples of 24 h duration were taken at 77 sites situated throughout North 
America and air samples of 6 h duration were taken at 5 towers. 

Haagenson et al. (1990) used tracer-derived trajectories to validate calcu­
lated trajectories. Layer-averaged trajectories performed best (separation rate 
180 kmd~^), but isosigma trajectories were nearly equally good. The rate of 
increase of the trajectory error decreased slightly with time. Although three-
dimensional trajectories were generally similar to isosigma trajectories, large 
upward displacement of the trajectories was associated with low tracer con­
centrations at the surface. Dispersion models based on two-dimensional tra­
jectories may thus overpredict surface tracer concentrations. Haagenson et al. 
(1990) also used different types of meteorological data (objective analyses, 
forecasts, four-dimensional data assimilation) to drive the trajectory model. 
They found that the quality of the forecasts (96 h forecasts initiated 5 h prior 
to the tracer release) was much lower than the quality of the analyses. This is 
in direct contradiction to Chock and Kuo's (1990) study based on the CAP­
TEX data. Possible reasons for this are the longer forecast period used for the 
ANATEX data and the more complex meteorological conditions. 

Draxler (1991) used aircraft measurements available for 30 ANATEX re­
leases and calculated back trajectories from the tracer centroid positions to 
minimize the complications introduced in comparing trajectories while also 
having to model the vertical diffusion. He defined the trajectory error to be the 
nearest distance of a trajectory to the tracer origin point. He compared short-
term forecasts of the Nested Grid Model (NGM) that were initialized every 
12 h with analyses of radiosonde observations. Both for the NGM forecasts 
and for the analyses, transport errors were approximately 20-30% of the dis­
tance travelled. 

The most recent tracer experiment on a continental scale was the European 
Tracer Experiment (ETEX) in October to November 1994 with two releases of 
a perfluorocarbon tracer from a site in western France. The sampling network 
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provided high spatial (168 stations) and temporal (3 h) resolution (Mosca et 
al., 1997). The major task of ETEX was to evaluate real time forecasting of 
the tracer concentration field (Archer et al., 1996) as well as subsequent model 
analyses of the transport patterns, but the data set could be also used to explore 
the accuracy of trajectories. 

3.2.2. Tracers of opportunity 

Any detectable material that is conserved along trajectories may serve as a 
tracer; for instance pollen (Raynor et al., 1983), volcanic ash (Heffter et al., 
1990; Heffter and Stunder, 1993) or the radioactive emissions from the Cher­
nobyl accident (Kolb et al., 1989; Klug et al., 1992). Reiff et al. (1986) studied 
an episode of African dust transport to northwestern Europe. They used satel­
lite imagery, upper-air soundings, surface observations. X-ray analyses of the 
dust composition and low-level dust-concentration measurements to determine 
the place of origin and the path of the desert dust. Independently calculated 
trajectories based upon wind analyses produced at the ECMWF tracked the 
dust cloud very accurately (error less than 200 km after a travel distance of 
3000 km). Also the vertical displacements calculated by the model could be 
confirmed by the measurements (error less than 50 hPa). Martin et al. (1990) 
investigated several episodes of Saharan dust transport to the Mediterranean. 
They also suggested that the vertical wind component should be used for the 
trajectory computations. 

McQueen and Draxler (1994) used the smoke plumes from the Kuwait oil 
fires during the Gulf war to evaluate the accuracy of trajectories. They deter­
mined the plume centerline from satellite data and the vertical plume position 
by comparing back trajectories released at different heights. They assumed that 
the plume centroid height is identical to that of the trajectory that most accu­
rately tracked the plume back to the burning oil fields. Using a global analysis 
and a fine-scale analysis, they found trajectory errors of 10% for the fine grid 
and 14% for the coarse grid. Since the plume height was determined by the 
"best" trajectory, this is likely to be an underestimation of the "true" error. 

3.3. Dynamical tracers 

One dynamical tracer is potential temperature which is often used to constrain 
the vertical motion of trajectories (isentropic assumption). Another tracer is 
isentropic potential vorticity (PV) that is conserved for inviscid adiabatic mo­
tions (Davis, 1996). It is defined by 

3 0 
PV = - g r ? 0 — (13) 

dp 
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with 7̂0 = ^0 + / , ?© being the relative vorticity on an isentropic surface, and 
g the gravitational acceleration. PV has been used sometimes to study the accu­
racy of individual trajectories (Artz et al., 1985; Jager, 1992). However, Knud-
sen and Carver (1994) found that due to the high-frequency variability of PV, 
difficulties in its analysis and its non-conservation under diabatic conditions, 
only large PV changes can be taken as an indication of individual trajectories 
being wrong. 

Nevertheless, PV is very useful in a statistical framework. Recently, Stohl 
and Seibert (1997) studied PV conservation to determine the average accuracy 
of a large set of trajectories calculated from ECMWF analyses. They found 
that three-dimensional trajectories were the most accurate trajectory type, fol­
lowed by kinematic isentropic trajectories. Isobaric trajectories were clearly 
less accurate. Average relative horizontal position errors for three-dimensional 
trajectories were estimated to be less than 20% for travel times longer than 
24 h in the free troposphere. Tentative upper bounds for average absolute hor­
izontal and vertical errors after 120 h travel time were 400 km and 1300 m, 
respectively. 

4. Applications of trajectories 

4.1. Lagrangian particle dispersion models 

Although trajectory models have been used successfully to study complex 
transport processes such as recirculation of pollutants (Tyson et al., 1996), 
it is virtually impossible to describe transport phenomena in turbulent flows 
by calculating single trajectories. More sophisticated models are needed, both 
in the PBL, where an air parcel quickly looses its identity due to strong mix­
ing (Lyons et al., 1995), and at higher levels of the atmosphere when longer 
time scales are considered (Sutton, 1994). These models can be either Eulerian 
transport models or Lagrangian particle dispersion models (LPDM). LPDM 
have no artificial numerical diffusion like Eulerian models (Nguyen et al., 
1997) and hence have a greater potential to resolve fine-scale structures of 
the flow. 

LPDM numerically simulate the transport and diffusion of a passive scalar 
tracer by calculating the Lagrangian trajectories of tens or hundreds of thou­
sands of tagged ''particles^ These trajectories are calculated according to 

X(^ + At) = X(t) + At[y{t) -f V(0] (14) 

where v is the resolvable scale wind vector obtained directly from a meteoro­
logical model, and v' is the turbulent wind vector that describes the turbulent 
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diffusion of the tracer in the PBL. The concentration of the tracer at a spe­
cific location at a given time is Unearly proportional to the number of particles 
per unit volume. It can be evaluated simply by counting all particles that reside 
within a certain volume or, more favorably, by using a kernel method (Lorimer, 
1986; Uliasz, 1994). 

Different alternative names are given to LPDM; e.g. Langevin, Markov 
chain, Monte Carlo, random walk, and stochastic Lagrangian (Rodean, 1996), 
each referring to a certain attribute of the models. See Thomson (1984,1987), 
Wilson and Sawford (1996) and Rodean (1996) for detailed treatments of the 
mathematical and physical background of LPDM, and Uliasz (1994) and Zan-
netti (1992) for discussions of more practical aspects of LPDM simulations. 

The core problem of LPDM is the determination of the turbulent veloci­
ties v'. Turbulent diffusion, like molecular diffusion (Brownian motion), can 
be described as a Markov process, a stochastic process that has a future that 
depends only on its present state and a transition rule. The particles forget their 
current velocity state after some time characterized by the Lagrangian time 
scale. This is written as the Langevin equation (Thomson, 1987) 

di;; = «/(X, V, t)(\t -h bij{X, V, t)dWj{t) (15) 

where a and b are functions of X, v̂  and t and the dWj are the increments 
of a vector-valued Wiener process with independent components. The dW^ 
represent Gaussian white noise with mean zero and variance dt\ increments 
dWi and dWj occurring at different times, or at the same time with i ^ j , are 
independent. 

For instance, given a state n of the turbulent vertical velocity w' of a particle 
at time t, a future state « + 1 at time r + A/ can be determined using the au­
tocorrelation coefficient r = exp(—A^/TL) with TL being the Lagrangian time 
scale for w' (Wilson et al., 1983) 

'" + x y ( T ^ ^ + ( l - ' - ) r L ^ (16) = r «+i (7« ""̂  ' ' ^ dz 
111 ^ 1 1 ) ^ ^ ~ 

where x is a normally distributed random number and a^ is the root-mean-
square Eulerian turbulent vertical velocity. Both TL and a^j can be calculated 
diagnostically based on certain boundary layer characteristics (Hanna, 1982) 
or can be related to the turbulent kinetic energy (Fay et al., 1995). Using suf­
ficiently small time steps, Eq. (16) fulfills the most important criterion for an 
LPDM, the ''well-mixed'' criterion, which states that if the particles of a pas­
sive tracer are initially mixed uniformly in a turbulent flow, they will remain so 
(Thomson, 1987). Only models that fulfill this criterion are physically correct. 
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The last term on the right-hand side of Eq. (16) is the drift correction veloc­
ity, introduced by Legg and Raupach (1982) in a similar, albeit, as was found 
later, not correct form in order to avoid the accumulation of particles in regions 
of low turbulence which would violate the well-mixed criterion (McNider et 
al., 1988). Special attention must be paid to flow boundaries (i.e. the ground 
and the top of the PBL), where particles are reflected (Wilson and Flesch, 1993; 
Thomson and Montgomery, 1994). 

Usually, Gaussian turbulence is assumed in an LPDM, but under convec-
tive conditions vertical tracer transport occurs primarily in updrafts and down-
drafts. Updrafts have higher velocities but occupy less area than downdrafts 
leading to a skewed vertical velocity distribution (Luhar et al., 1996). Baer-
entsen and Berkowicz (1984) approximated this by the sum of two Gaussian 
distributions, one for the updrafts and the other for the downdrafts. 

There exist several approaches to deal with the turbulent horizontal veloc­
ities. The simplest solution is to solve an independent Langevin equation for 
all three wind components, but measurements of wind fluctuations indicated 
that there exist cross-correlation terms between the individual wind compo­
nents (Zannetti, 1992). These cross-correlations can be very important near the 
source, but Uliasz (1994), who compared an LPDM simulation that accounted 
for the cross-correlations with another that did not, found that in mesoscale 
applications the cross-correlations are not important. Actually, the horizontal 
turbulent velocities had little effect at all, even when they were completely 
neglected. 

Another simplification to save computing time is to neglect the autocorre­
lations of the turbulent wind components or to increase the model time step 
above the Lagrangian timescale. This is equivalent to converting the Markov 
process for the velocity and position of the particles into one for their po­
sition only. Uliasz (1994) showed that even this gross simplification had no 
large effects on the simulated tracer concentrations in regional applications. 
The reason for this is that the most important process affecting the regional-
scale tracer dispersion is the evolution of the PBL height along the particles 
path and the formation of tracer reservoir layers above the PBL. The details of 
the transport within the PBL are not so important since the temporal scale of 
vertical mixing is much shorter than the transport times. However, Mary on and 
Buckland (1994) argued that errors near the source caused by an oversimpli­
fied dispersion algorithm could translate into much larger errors at later times. 
A compromise to save computation time while maintaining sufficient accuracy 
would therefore be to use short time steps close to the source, but longer ones 
when the tracer is already well-mixed within the PBL. 

Validations of LPDM are usually based on tracer experiments (Shi et al., 
1990; Eastman et al., 1995; Fay et al., 1995; Moran and Pielke, 1996) or on 
tracers of opportunity (Draxler et al., 1994; Uliasz et al., 1997). The best way 
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to validate LPDM is to compare modeled concentrations at the locations of 
the measurement sites to the measured concentrations. This method does not 
require to interpolate the measurements to a regular grid, which introduces 
substantial uncertainties. This vaUdation strategy was followed systematically 
in the model evaluation study following the ETEX experiment (Mosca et al., 
1997). The major remaining difficulty is the definition of the statistical mea­
sures most suitable for model evaluation. 

LPDM can simulate, in addition to the dispersion, all linear processes, 
such as dry and wet deposition, radioactive decay, and linear chemical 
transformations, but a major drawback is that, currently, non-linear chemi­
cal reactions cannot be accounted for. There exist experiments to compute 
the chemical transformations on a grid based on the concentrations pre­
dicted by the LPDM (Chock and Winkler, 1994a,b) and to subsequently 
re-transform the gridded concentrations to particle masses, but these mod­
els are not yet operational, an exception being the study of Stevenson et al. 
(1997). 

Traditionally, LPDM are used to obtain a time- and space-varying concen­
tration field for a given emission scenario. However, because all processes sim­
ulated by an LPDM are linear, the inverse modeling is simple. Computing back 
trajectories from a given receptor location, a time- and space-varying influence 
function can be obtained (Uliasz, 1994). It is independent of a certain emis­
sion scenario and can therefore be used to calculate the pollutant concentra­
tion at the receptor for multiple emission scenarios without having to re-run 
the model. Since this receptor-oriented approach is computationally efficient, 
it is also possible to compute long-term concentration time series (Uliasz et 
al., 1997). It would be rewarding to examine these influence functions for 
long-term simulations using methods similar to the trajectory statistics pre­
sented in Section 4.3 to construct emission fields. A different method to es­
timate emissions from concentration measurements combined with backward 
LPDM simulations was presented by Resch et al. (1995) and Flesch (1996), 
but this approach requires that the geometry of the source is known before­
hand. 

Finally, some attention shall be drawn to a problem of current LPDM that— 
to the author's knowledge—has not yet been solved: all procedures available 
to calculate v' assume constant density flows. This might be a justified approx­
imation for shallow stable PBLs but certainly not for deep convective PBLs. 
There, density differences of 20% between the bottom and the top are typical. 
Neglect of these differences—as it is current practice—leads to an underesti­
mation of ground-level concentrations and an overestimation of concentrations 
at the PBL top, which also translate into transport errors. Therefore, it would 
be a rewarding task to derive a Langevin equation that accounts for density 
fluctuations. 
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4.2, Lagrangian box models 

LPDM have not yet been combined with nonlinear chemical reaction schemes 
because of the conceptual difficulties mentioned above, but Lagrangian box 
models have been very popular because of their computational efficiency. If 
the concentrations of some chemical species at a specific location are to be 
modeled, first a back trajectory is calculated from this location. Then, a box is 
mow^d forward along this trajectory and changes in the concentrations in the 
box caused by chemical reactions and deposition are calculated. Compared to 
zero-dimensional Eulerian models, Lagrangian box models are more practical 
because no advection from outside the box occurs and hence no boundary 
conditions are required. However, such models are fully applicable only at 
higher levels of the atmosphere (Sparling et al., 1995) where turbulence is 
weak. For models used in the PBL (Eliassen et al., 1982), the height of the 
box must be adjusted to the variations of the PBL height, allowing air to be 
entrained from above which requires the specification of boundary conditions. 

Lagrangian column models calculate the exchange of air between boxes 
arranged in a column. The most important boundary layer processes, such as 
the formation of nighttime reservoir layers or the rapid growth of the mixed 
layer depth in the morning, can be described with such models (Hertel et al., 
1995), while their computational requirements are still moderate. For the cal­
culation of the turbulent vertical exchange it is necessary that the boxes of the 
column remain exactly above each other. In reality, however, a vertical shear 
of the horizontal wind would separate the boxes. To avoid this grid tangling, 
the wind shear must be neglected and the whole column of boxes must be ad-
vected along a single trajectory. It is for this reason Lagrangian column models 
are less accurate than three-dimensional Eulerian models (Peters et al., 1995). 
Therefore, Lagrangian models are used mainly when computational costs are 
too high for Eulerian models, such as for long-term studies (e.g. De Leeuw et 
al., 1990) or when very complex chemical reaction schemes are applied (e.g. 
Derwent, 1990). They might be useful also for assimilating observations to 
produce accurate analysis maps of chemical species (Fisher and Lary, 1995), 
an application that is still extremely costly using Eulerian models. 

4.3, Statistical analyses of trajectories 

Trajectories have been used to interpret individual flow situations for several 
decades now, but statistical analysis methods for large sets of trajectories have 
been developed more recently. An early bibliography of such methods was 
prepared by Miller (1987), but more sophisticated methods have evolved since 
then. 
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4.3.1. Flow climatologies 

The first statistical trajectory analyses were flow climatologies: back trajec­
tories were calculated over a time span of several years and their transport 
directions and travel speeds were classified according to some criteria. These 
criteria were defined to discriminate, for instance, between oceanic, clean con­
tinental and polluted continental air masses. 

An early example of this technique is the study of Miller (1981). He calcu­
lated more than 7000 back trajectories and classified them into five transport 
sectors. Many authors used variations of this technique, mostly to group air 
and precipitation chemistry data to identify roughly the source areas of air pol­
lutants, namely those transport sectors associated with high pollutant concen­
trations at the receptor site (Henderson et al., 1982; Colin et al., 1989; Miller 
et al., 1993; White et al., 1994). For a bibhography see Miller (1987). 

4.3.2. Cluster analysis 

Cluster analysis is a multivariate statistical technique that splits a data set into 
a number of groups. Cluster analysis is often described as an objective clas­
sification method, but this is not true since the selection of the clustering al­
gorithm, the specification of the distance measure and the number of clusters 
used are subjective. Kalkstein et al. (1987), who evaluated three different clus­
tering procedures for use in synoptic climatological classification, remarked 
to the problem of subjectivity: "The selection of the proper clustering pro­
cedure to use in the development of an objective synoptic methodology may 
have far-reaching implications on the composition of the final 'homogeneous' 
groupings." 

Cluster analysis has only recently been applied to meteorological data 
(Kalkstein et al., 1987; Femau and Samson, 1990a, b; Eder et al., 1994). 
Moody and Galloway (1988) were the first to consider trajectory coordinates 
as the clustering variables. In principle, the result of a cluster analysis is sim­
ilar to a flow climatology (which means trajectories are classified into some 
groups), but cluster analysis is more objective, and it accounts for variations in 
transport speed and direction simultaneously, yielding clusters of trajectories 
which have similar length and curvature (Moody and Samson, 1989; Harris 
and Kahl, 1990). Harris (1992) based a flow climatology for the South Pole 
on cluster analysis of trajectories and Moody et al. (1995) used cluster analy­
sis to interpret ozone concentrations. Sirois and Bottenheim (1995) applied 
both cluster analysis and residence time analysis (see below) to interpret a 5-yr 
record of PAN and O3. Kahl et al. (1997) used cluster analysis to investigate 
whether clear air tends to arrive at the Grand Canyon National Park over certain 
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Figure 1. An example, originally presented by Dorling et al. (1992a), for the result of a trajectory 
cluster analysis. Shown are nine clusters identified with their trajectory members. 

preferred pathways. Dorling et al. (1992b) and Dorling and Davies (1995) pre­
sented applications of trajectory clustering; the paper of Dorling et al. (1992a) 
contains a detailed description of their procedure which works very well in 
discriminating distinct flow patterns and large-scale circulation features (Stohl 
and Scheifinger, 1994). Fig. 1 shows as an example the result of the cluster 
analysis by Dorling et al. (1992a). 

4.3.3. Residence time analysis and conditional probability fields 

The methods discussed so far (flow climatologies, cluster analysis) classify 
trajectories without directly involving air pollution data. Ashbaugh (1983) and 
Ashbaugh et al. (1985) developed a method, residence time analysis, to iden­
tify source areas of air pollutants. A similar, albeit simpler, approach was pub-
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lished at about the same time by Munn et al. (1984). Ashbaugh et al. (1985) 
calculated a large set of back trajectories, each consisting of a number of seg­
ments separated by specific time increments and characterized by their posi­
tions and time, respectively. Then they covered the area of study with a grid 
and defined an event A to occur if an air parcel at time t happens to be inside 
a certain grid cell. 

If N is the total number of trajectory segments and ntj is the number of 
points falling in the ij\h grid cell during a time interval J , then the prob­
ability that a randomly selected air parcel resides in the /7 th grid cell is 
P[A/y] = riij/N. Next, let mtj be the number of trajectory segment points 
in the /7th grid cell, but only for those trajectories which arrive at the recep­
tor when a certain criterion value for the pollutant concentration is exceeded. 
Then, the probability P[Bij] = mij/N represents the residence time of high 
pollutant concentration air parcels in the /7th grid cell (events Bij) relative to 
the total time period considered. First knowledge of possible source regions 
can be gained from the differences in the probability fields P[Bij] and P[Aij] 
(Poirot and Wishinski, 1986), but both probability fields have their peak values 
in the grid cell where the receptor site is situated because all trajectories have 
to pass through this grid cell. Ashbaugh et al. (1985) normalized P[Bij] with 
P[Aij] to eliminate the redundant information. This can be written as 

PlB,\A,] = g^ = ' ^ (17) 
P[Aij] Hij 

with P[Bij I Aij] being the conditional probability of the event Bij given that 
event A/y occurs. Regions with high conditional probability have a large poten­
tial to adversely affect the air quality at the receptor site when they are crossed 
by a trajectory. They do not necessarily make a large contribution to long-term 
air pollutant concentrations, since this also depends on the frequency at which 
air parcels actually travel over that region. 

Ashbaugh's method was adopted by Zeng and Hopke (1989), Hopke et al. 
(1993), Cheng et al. (1993a, b) and Gao et al. (1993) who used it for studies of 
acid precipitation, sulfate, sulfur dioxide and heavy metals. Comrie (1994) and 
Stohl and Kromp-Kolb (1994a) used the technique to track ozone, and Sirois 
and Bottenheim (1995) combined it with cluster analysis to investigate ozone 
and PAN concentrations. Vasconcelos et al. (1996b) investigated the spatial 
resolution of the method. They found that the angular resolution is good, but 
that the radial resolution is poor because of the convergence of all trajectories 
toward the receptor. 

It is clear that the certainty with which the conditional probability of a grid 
cell is known depends on the number of events Aij in that cell. Recently, Vas­
concelos et al. (1996a) proposed two statistical tests to examine the signifi-
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cance of conditional probability maps, one using a bootstrapping technique, 
the other based on a binomial distribution. 

4.3.4. Concentration fields 

Seibert et al. (1994a,b) computed concentration fields to identify source areas 
of air pollutants. Like Ashbaugh, they superimposed a grid to the domain of 
trajectory computations. Then they calculated a logarithmic mean concentra­
tion for each grid cell according to 

1 ^ 
Cij = -^ Yl l«gte)^07 (18) 

where /, j are the indices of the horizontal grid, / the index of the trajectory, 
M the total number of trajectories, Q the concentration observed on arrival of 
trajectory / and ttji the time spent in grid cell (/, j) by trajectory /. A high 
value of Cij means that, on average, air parcels passing over cell (/, j) result 
in high concentrations at the receptor site. 

The fields exhibit small-scale variations which are not necessarily statisti­
cally significant. Simple smoothing of the concentration field, however, is not 
justified, because this would also remove many significant structures. There­
fore, a confidence interval for the mean concentration of each grid cell is cal­
culated using ^-statistics based on the number of trajectories passing through 
each cell. Then, the concentration field is smoothed with a 9-point filter, im­
posing the restriction that the values must be kept within their confidence in­
terval. The smoothing is repeated until the change in the concentration field 
is less than a prespecified value. This procedure assures that significant varia­
tions are preserved while most of the insignificant ones are removed. Stohl and 
Kromp-Kolb (1994b) used Seiberts method for an analysis of the ozone plume 
of Vienna. 

4.3.5. Redistributed concentration fields 

Sources of air pollutants are often concentrated in "hot spots", but Ashbaugh's 
and Seibert's procedures underestimate the spatial gradients of the "true" 
source fields because a measured concentration is attributed equally to all seg­
ments of its related trajectory. Let us imagine some trajectories which differ 
from each other, except for the fact that they all pass over one specific grid 
cell. Let all but one be "clean" trajectories, associated with low concentrations 
at the receptor site. Thus, no major pollutant source is located along their paths 
and specifically not in the grid cell which they share with the one "polluted" 
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trajectory. Therefore, the latter one must have taken up its pollutant load some­
where else. This information can be used for an iterative redistribution of the 
concentrations along the trajectories (Stohl, 1996b). 

The major assumption of the redistribution method is that the measured 
species is directly emitted or produced by linear chemistry. Thus, problems are 
likely to occur for species produced by non-linear chemistry such as ozone. 
Wet deposition processes may also have a negative impact on the results. Stohl 
(1996b) tested the capacity of his method with particulate sulfate data mea­
sured at 14 sites in Europe and found that the concentration field was in good 
agreement with an emission inventory. Virkkula et al. (1995) apphed the redis­
tribution method to the concentrations of non-sea-salt sulfate, ammonium and 
sodium measured in the Finnish subarctic and were able to identify the very 
different sources of these species. 

4.3.6. Inverse modeling 

Recently, Seibert (1997) presented a new approach towards establishing 
trajectory-derived source-receptor relationships. It is not based on statistics, 
but on inverse modeling, viewing trajectories as the output of a primitive La-
grangian dispersion model. This is an ill-posed inversion problem, since the 
dimensions of the receptor-concentration-vector and of the source-vector are 
not equal. Seibert (1997) overcomes this difficulty by introducing additional 
constraints, but the effect of these constraints has to be explored further. Nev­
ertheless, inverse modeling could be very useful in future work, especially be­
cause it can be extended more easily than trajectory statistics to the results of 
more sophisticated dispersion models including, for instance, wet deposition 
processes. 

5. Summary and conclusions 

In this paper, it was shown how trajectories are being calculated, how accurate 
they typically are and how their accuracy can be assessed. There exists some 
evidence (see Table 2) that the accuracy of trajectory calculations has been 
improved in recent years, especially since three-dimensional wind fields are 
available from numerical weather prediction models. There is consensus now 
in the literature that three-dimensional trajectories are more accurate than any 
other type of trajectories, including isentropic trajectories. 

Nevertheless, position errors of 20% of the travel distance can still be con­
sidered as typical, limiting the general applicability of calcuated trajectories. 
Slightly smaller errors are often being reported for trajectories calculated from 
high-quality analysis fields in data-rich regions, but much larger errors, on the 
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order of 30% or more, are typical for forecast trajectories. Since trajectory er­
rors vary considerably from case to case, ranging from practically zero error 
to trajectories heading into the opposite direction of the real trajectories, it is 
essential to assess the uncertainty of trajectories on an individual case basis. 
This can be done either by using on-line tracers, such as potential vorticity, or 
by using trajectory ensemble methods. 

Due to turbulent mixing, single trajectories are hardly sufficient to describe 
transport processes in the boundary layer. LPDM provide a more adequate rep­
resentation of transport in turbulent flows. Therefore, studies that are currently 
based on the interpretation of forward or back trajectories (for instance inter­
pretations of the measurements of trace constituents of the atmosphere), should 
in the future be based on the simulation results of LPDM. 

Lagrangian chemical box or column models often suffer from large errors 
introduced by the vertical shear of the horizontal wind that cannot be accounted 
for with these models. Therefore, they should only be applied when other mod­
els (Eulerian chemical transport models) cannot be used due to a lack of com­
puter capacity. However, it would be interesting to design LPDM with nonlin­
ear chemistry. 

New methods of trajectory statistics to interpret long-term air pollutant time 
series have been developed in the last few years, but these methods still need 
considerable improvement if they shall be applied to reconstruct emission 
fields. A large improvement could probably be achieved if the output of LPDM 
could be used in the statistics instead of single trajectories. 
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