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ABSTRACT 

The paper considers information pertinent to groundwater quality as an 

input to groundwater management decisions. Accordingly, the design of a 

groundwater quality sampling program is treated as a problem of maximizing 

the net benefit from the collected data. It is assumed that the loss 

because of a suboptimal management decision is partly due to the level of 

information supplied by the data collection program, which is determined by 

the frequency, the spatial density and configuration of the observations. 

An algorithm for deriving the optimal values of the latter under conditions 

of risk is presented. The algorithm is currently implemented in planning the 

program of groundwater quality observations in the coastal aquifer of Israel. 

INTRODUCTION 

Rational management of a groundwater system requires that decisions 

regarding operation and development of the system be based on information 

about the present state of the system, its response to control inputs and the 

utility of the response. 

As a rule the information available at the time of decision making is 

neither complete nor exact. 

the decision making algorithms only partly or incorrectly. 

effects are losses of two kinds: (a) loss because of suboptimal decisions 

at the given level of information; (b) opportunity loss because of having 

made (apparently optimal) decisions at a suboptimal level of information. 

One of the ways to reduce losses of the second kind is to design an 

adequate program of data collection. The present paper handles this task 

with respect to groundwater quality data. 

Moreover, the information may be utilized by 

The resulting 

Consider the concentration of a solute, C, as a state variable of ground- 

water quality such that the utility of groundwater management operations 

(e.g. distribution of pumpage and recharge, location of waste disposal sites) 

depends on the resulting distribution of C in both space and time. 

The variation of C in the domain of interest is described by the differential 
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equation (ref. 1) : 

- = -  a(nc) div(gC - nD.gradC) + r 
at 

where the left-hand side represents the local rate of change of concentration 

per unit volume of the aquifer, the first term of the right-hand side re- 

presents net influx of the solute by convection and hydrodynamic dispersion 

and the last term represents net rate of supply of the mass of the solute 

from various sources. It is well known that there is no general method for 

deriving an analytic solution of equation (1) for C as a function of position 

and time which could be used to evaluate the consequences of groundwater 

management decisions. Moreover, some of the necessary input data, such as 

the initial (i.e. present) distribution of C, hydrogeologic and hydrochemical 

parameters, can be known only at a finite number of sites at nonsimultaneous 

time points with randomly fluctuating errors, while some other data pertinent 

to boundary conditions or source functions may be lacking at all. Under 

these circumstances, and in order to reduce the error of prediction, it seems 

more feasible to attempt a prediction of average values of concentration over 

finite spatial subdomains, referred to as aquifer cells, and over finite 

intervals of time, referred to as time steps 

local values at individual points. A similar conclusion was reached by 

recent studies on fixed water quality monitoring stations (ref. 2). 

rather than trying to predict 

The task of predicting the average concentration of the solute in a cell 

at the end of a time step then becomes one of estimating the average 

concentration at the beginning of the time step as well as predicting the 

average fluxes of the solute through the cell boundaries and the average 

rate of supply of the solute within the cell during the time step. 

The present paper deals with only one of the above items, namely the 

estimation of the average concentration in an aquifer cell, Ct, at a given 

time point t, on the basis of a set of point samples within the cell and 

within a given time interval t+6t/2. 

CI, 

STATEMENT OF THE PROBLEM 

Let L be a set of values of parameters which characterize the groundwater 

quality sampling program (e.g. the number and spatial configuration of the 

sampling points and the frequency of sampling). Also let C denote the 

estimate of C at the level of information supplied by L. 

cL from C carries a loss 4(C-CL). It is a random variable whose 

distribution is determined by the distribution of the observations, by the 

relationship between the observations and the estimate 

the level of L. 

L 
% 

The deviation of 
a % % A  

CL as well as by 

&wing to the randomness of &(and taking into account the 
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repetitive nature of groundwater management decisions) one can adopt as an 

objective the minimization of its expected value, referred to as the risk. 

function 

% -  
R(L) = E &(C-CL) 

cL 
which depends on the 

cost of the sampling 

latter by CS(L), the 

program L is 

level of L. However, 

program which is also 

total loss associated 

one should take into account the 

a function of L. Denoting the 

with the level of the sampling 

Considering L as a set of decision variables the present paper addresses 

itself to the following problem: 

Given a rectangular aquifer cell centered at the point ( x o ,  yo) of a 

Cartesian coordinate system and bounded by the coordinate planes x jAx/2, 

yojAy/2, and given a time interval tT6t/2, find an optimal observation 

program L = L such that 
opt. 

within the spatial domain of the cell and the given time interval. 

METHOD OF ATTACK 
% 

Estimation of the average concentration, C, necessitates the adoption of 

a statistical model which describes the distribution of the concentration 

within a cell and within a time interval. This model can then be used to 

derive the estimate 

compute its variance Var c as a measure of the deviation of C from the 

true average, C. 

is a function of var CL , can also be expressed as a function of L. Together 
with the cost function it yields the objective function F(L) which has to 

be solved by one of the available optimization techniques. 

CL 
from point data of the sampling program and to 

L L 
% 

Having expressed Var CL as a function of L,R(L) which 

STATISTICAL MODEL OF POINT OBSERVATIONS IN A CELL 

The value of an observation, C, at any point within a cell and at any time 

in the neighbourhood of t can be presented by the linear model 

C(x,y,r) = at+Bt(x-xo) + yt(y-y ) + E(X,Y) + TI(X,Y,T) (5) 

Ix-x I 5  AX/^ I Iy-y,) 5 Ay/2 , IT-tl( 6t/2 
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where at, 0, and yt are the paremeters of a plane common to all points 
6t 

of the cell and is fixed during the time interval (t - - it , t +TI. 
E is a random deviation which depends on the location of the point only 

whereas q depends on time too. The statistical characteristics of E and 

0 are common to all points within the cell and within the time range 6t, 

and given by: 

2 
E E = O ,  V a r E = a  f COV[E(X,Y), E'(X',Y')I = 0 

NOTE 1 (6) 

E n= 0 , Var n = c2 2 , Cov[n(r), n'(T')] = a2p IT-T'I, CoV(E,") = 0 

By (5) and ( 6 )  and adopting the ergodic hypothesis 

ESTIMATION OF FROM POINT SAMPLES IN A CEU 

Consider a set of k sampling points in a cell with n samples taken at 

each of these points during the time interval 6t centered at t. According 

to the model presented by ( S ) ,  the concentration, 

j-the sample (j = lI2,...,n) at the i-th point (i = 1.2, ... k) is given by: 
Ctij obtained from the 

* 
( 8 )  

Ctij = at + BtXi + ytYi + E ti + "tij 

where 

a: = at + Bt(x-xo) + yt(y-yo), 
- - - - 

Xi = xi - X, Yi = yi - y 

- -  
x,y are the coordinates of the centroid of the set of sampling points. - -  

to x,y was made for the sake of computational 
,#YO 

The translation from x 

convenience only. 

of the observations over that index. Thus, refering to a given time t, the 

average of the concentrations obtained from the n 

point, i, is: 

Replacement of an index by a dot will indicate an average 

samples at a given sampling 

* 
I 

Cti. = 0 
+ BXi + YYi + Ei + ni. 

'i 

The variance of C follows from ( 6 )  and ( 9 ) ,  Yielding 
i 

Our next task is to obtain estimates of the parameters o*,@,y from the 
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n x k obsc iva t ions  as a s t e p  towards d e r i v i n g  t h e  variance of t h e  e s t ima te  

of c. % 

Denoting 

t h e  least square e s t ima to r  of fl is  ( r e f .  - 

2 c. (syscx - s s ) / A  

- S S ) / A  
c. xY cy 

(sYscx x y  cy 
-1 B = ( X ' X )  X'C = - - 

The least  square e s t ima to r  of EC a t  any p o i n t  X , Y  is  

Whence ( r e f .  3) 

2 
V a r  E C I X , Y )  = u [ i , x , y l  ( x * x ) - l  (15) 

or, upon s u b s t i t u t i o n  of (10) 

,I,- % 
BY ( 7 ) :  Var (c-c ) = Var(C-E? ( X  , Y  ) ) =  Var $ (xo,y0) 

Hence, by ( 1 6 ) :  
L 0 0  

where 

- - 
x -x * Yo-Y 

0 .  sx x = %  I Y o = -  
S 

Y 

OPTIMAL SAMPLING PROGRAM 2 
(x:) + ( Y * ) ~ - ~ x * Y * ~  0 o o x y  

- - + 1  (18) 2 
X Y  

By (17) L={k,n,$(X:,Yt,r ) )  , $ = - 
1-r XY 
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where k is the number of sampling points in the cell, 

samples taken at each point within a prescribed interval of time centered at 

the t h e  t, for which C is evaluated and 0 is a configuration function of 

the network. 

n is the n-r of 

5 

The optimal sampling program is obtained by the following procedure: 

(a) Formulate the loss function L(L) 

(b) Derive the risk function EL(L) 

(c) Formulate the cost function CS(L) 

(d) Find Min[EC(L) + CS(L)] subject to Ixo-xI < - Ax , Iyo-yI < 5 
Sometimes it may be difficult to formulate the expected loss stemming 

from the "information gap" caused by the level of L. 

In this case one may replace the risk function by a constraint on the 
5 

accuracy and/or reliability of the estimate of 

constraint either a sampling program at minimum cost or a program of minimum 

ohservations which just satisfies the constraint. This approach is 

applicable when the penalty for violating the constraint is so high that the 

optimal program must stay within the limits prescribed by the constraint. 

selection of an optimal sampling program by any of the methods outlined 

C and seek under this 

above requires that the variances of random fluctuations of observations in 

space, o and in time, U2 ,be known. 
1' 

Actually these parameters have to be estimated from samples of field data. 

The residual sum of squares of the linear regression model (9) is given 

by (ref. 3) 

where (d.f.1 is the number of degrees of freedom. 

By (9) and (12) 

2 2  2 k 

R = 1 2 - k S;(rcx + r2 - 2r r r )/(l-rw) 
Cy cx XY Cy 

O i=l 

Assuming that the variance u2 is independent of the time t around which 

the observations are made, one may evaluate 

sample of historic observations around the time points t = 1,2, ..., T. 
Hence, by (20) : 

on the basis of the entire 

/ [T. (k-3) 1 (21) 
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2 
The estimate of U2= Var n (see (6)) is obtained by considering all 

historic deviations of local observations at each sampling point from their 

average, for each t separately: 

APPLICATION TO THE COASTAL AQUIFER OF ISRAEL 

The methodology outlined in this paper is presently implemented in up- 

dating the annual groundwater quality sampling program in the coastal 

aquifer of Israel. The aquifer is subdivided into rectangular cells. 

Observation wells in each cell are sampled for chlorides on a semiannual 

basis, a routine prescribed by budgetary and time constraints. Attempting 

at a more rational approach which aims at maximizing the utility of the 

program to groundwater management, while circumventing the difficulty of 

specifying the loss function, we split the problem in two parts: 

(a) Given uL , CS(L) = CS(n,k) 
L(1) 

opt opt' opt Find L = (n k ) such that CS(Lopt) = min (24) 

subject to (u2 + o /n)/k = u ~ ( ~ )  
1 2  

Find (xi,yi) 

2 2 

(b) Given k 
2 2  opt 

i = 1,2, ..., k such that (01+~2/nopt)9/kopt * ut(l) 
opt 

The first part seeks a least cost program in terms of the number of wells 

and frequency of observations in a cell subject to an exogenous constraint 

on the accuracy of the estimated concentration. 

The second part takes into account the fact that the accuracy of estimating 

C also depends on the configuration of the wells and seeks a configuration 

which satisfies the constraint as close as possible. 

In our problem the cost function is formulated on an annual basis and 

a NOTE 2 consists of the following components: 

CS(L) = C k (25) 
a2 3 

a 
+ Clkal + C2(n.k) + C3(n-k) 

The parameters ai (i = 0,1,2,3) are evaluated on the basis of professional 

expertise. As a rule these are positive parameters smaller than one, 

reflecting the fact that the marginal cost of each component is decreasing 

with the size of the program. 

we took into account the fact that the 
L(1) 

As to the prescription of u 

recipient of the data may prefer to express his requests in tern of accuracy 

(A) and reliability (1-a) of estimating the average concentration in a cell. 
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and these quantities is given by Chebyshev's 
L(1) 

me relationship between u 

inequality (ref. 3) - 

(26) 
' L A  2 2 

P(lC-C,l 2 A ) 5 CJ~(~)/A 
where A is a prescribed level of accuracy. ( 2 6 )  expresses the idea that 

the deviation 

(OL(l)/A)2x 100 per cent of cases, on the average. 

P(~c-c,~ > A) = a 

l2,-CL1 will exceed the value of A in no more than 

Consider the constraint 
'L 

Bv (24) and (26 )  this constraint will be satisfied if 

This constraint is valid for any distribution function of the observations. 

In pursuit of a least cost program (27) should be replaced by an equality 

constraint, thus providing a minimal program, which is sufficient to satisfy 

the constraint. Selection of prescribed levels of A and a , along with 

the specification of (25), concludes the formulation of the part (a) problem 

in terms which are suitable for the recipient of the data. 

An important merit of solving part (b) separately from part (a) is the 

possibility of taking into account constraints regarding the location of 

wells as prescribed by the actual conditions in the field. 

SUMMARY AND CONCLUSIONS 

Rational management of a groundwater system is based among other things 

on information about the present level of solute concentrations in the 

groundwater. For practical reasons this information is sought in terms of 

averages over spatial subdomains, referred to as aquifer cells, and over 

temporal subdomains around given time points. 

Errors in estimating these averages on the basis of field data carry an 

opportunity loss which can be reduced by increasing the number of 

observations. 

This benefit, however, is curtailed by the cost of data acquisition. 

Therefore the problem becomes one of designing a level of information which 

reduces the total loss to a minimum. 

The present paper expresses the level of information in terms of three 

parameters of a groundwater quality sampling program, namely: the number of 

sampling points, the spatial configuration of these points and the frequency 

of sampling. 

The paper proposes a methodology for deriving an optimal sampling program 

by minimizing the total risk (i.e. the sum of the expected opportunity loss 

and the cost of observations). 

The solution procedure takes as a point of departure a spatially linear 

statistical model of point observations in a cell. Underlying this model is 
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the assumption that any single observation contains a random part which 

consists of two independent components: a spatial component and a temporal 

one. This model leads to the computation of the standard deviation of 

the estimated average concentration as a function of the parameters of the 

statistical model and the parameters of the sampling program. Once derived, 

this standard deviation can be used to evaluate the risk for any given 

distribution function of the loss. Together with the cost it yields an 

objective function which explicitly depends on the parameters of the 

sampling program. 

In case of a difficulty in evaluating the expected loss, the latter may 

be replaced by a prescribed constraint on the accuracy and reliability of 

the estimated average concentration. Thereby the problem reduces to one of 

finding a least cost sampling program which satisfies the constraint. 

The statistical model was formulated in this paper in two spatial dimensions 

and took into consideration the effect of autocorrelation. An extension of 

the model to three dimensions and inclusion of cross-correlation between 

observations in space is straightforward. The methodology developed in 

this paper can also be applied to any program of observations. 
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(1) 

(2) The first term on the right-hand side represents the cost of construction 

and maintenance of wells; the second term represents the cost of visiting the 

wells; the third term represents the cost of sampling and analyses, whereas 

the last term refers to the cost of data processing. 

IT-T'I denotes a number of elementary time steps between two observations. 




