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THE CALCULATION OF STREAMLINES I N  AN INHOMOGENEOUS, ANISOTROPIC 
POROUS MEDIUM WITH TFJO-DIMENSIONAL FLOW 

C. V A N  DEN AKKER l l u n i c i p a l  Waterworks of Amsterdam 

INTRODUCTION 

With r e s p e c t  t o  q u a l i t y  p rob lems  o f  groundwater  it i s  i m p o r t a n t  
t o  know t h e  s t r e a m l i n e s  and  t rave l t imes  i n  a f low r e g i o n .  Espe- 
c i a l l y  i n  f l o w  p rob lems  i n  t h e  v e r t i c a l  p l a n e  e.g. u n d e r n e a t h  a 
w a s t e  d i s p o s a l ,  t h e  p r e s e n c e  o f  i n h o m o g e n e i t i e s ,  s u c h  as c l a y  
l a y e r s ,  i s  v e r y  i m p o r t a n t .  
I n  t h i s  p a p e r  a method w i l l  be p r e s e n t e d  f o r  t h e  c a l c u l a t i o n  of 
t h e  s t r e a m f u n c t i o n  a l l  t h r o u g h  t h e  f low domain based upon t h e  
f i n i t e  e l e m e n t  method. I n  t h i s  f l o w  domain which  i s  divided i n  
e l e m e n t s  w i t h  v a r i o u s  t r a n s n i s s i v i t i e s  i n t e r n a l  s o u r c e s  o r  
s i n k s  may be p r e s e n t .  A l s o  t h e  po rous  medium can  be a n i s o t r o p i c .  

THE B A S I C  EQUATIONS 

I n  twod imens iona l  g roundwate r f low Darcy ’ s  l a w  s ta tes  

where q, and q 
t h e  x and  y d i r e c t i o n  o f  a C a r t e s i a n  c o a r d i n a t e  s y s t e m ,  i s  
t h e  g roundwate rhead  and k i s  t h e  p e r m e a b i l i t y .  
PJ i th  t h e  c o n t i n u i t y  e q u a t i o n  

are  t h e  components o f  t h e  s p e c i f i c  d i s c h a r g e  i n  
Y 

t h i s  r e s u l t s  i n  t h e  L a p l a c e  e q u a t i o n  wh ich  c a n  be solved i n  a 
f l o w  domain w i t h  known boundary  c o n d i t i o n s  w i t h  h e l p  o f  t h e  
f i n i t e  e l e m e n t  method. 

However t h e r e  can  b e  s ta ted  t h a t  a s t r e a m f u n c t i o n  y e x i s t s  
s u c h  t h a t  

Reprinted from The Science of the Total Environment, 21 (1981) 313-318 
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From 1 and 3 it f o l l o w s  

and  e q u a t i o n  4 and  5 and  i f  t h e  p e r m e a b i l i t i e s  i n  t h e  main 
d i r e c t i o n s  are k and  k it f o l l o w s :  

X Y 

I f  t h e  main d i r e c t i o n s  o f  t h e  p e r m e a b i l i t i e s  c o i n c i d e  w i t h  t h e  
c o 6 r d i n a t e s  x and  y o f  t h e  C a r t e s i a n  c o 6 r d i n a t e  s y s t e m  e q u a t i o n  
7 r e d u c e s  t o  

(see Bear "Dynamics o f  f l u i d s  i n  p o r o u s  media") .  

E q u a t i o n  8 c a n  be s o l v e d  n u m e r i c a l l y  b y  means of t h e  f i n i t e  
e l e m e n t  method. Along t h e  f l o w  domain boundary  t h e  boundary  
c o n d i t i o n s  have  t o  be known i n  terms o f  t h e  s t r e a m f u n c t i o n .  
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SINKS AND SOURCES I N  THE FLOW DOMAIN 

I n  t h e  case of t h e  s t e a d y  r a d i a l  f l o w  towards a w e l l  i n  a homo- 
geneous porous  medium t h e  complex p o t e n t i a l  i s  

where Q is t h e  d i s c h a r g e  of t h e  w e l l  and A a c o n s t a n t  v a l u e  de- 
pending on t h e  boundary c o n d i t i o n  of t h e  f low domain and the 
c h o i c e  o f  t h e  z e r o  l e v e l  of  t h e  p o t e n t i a l  and t h e  s t reamfunc-  
t i o n .  T h i s  means f o r  t h e  s t r e a m f u n c t i o n  

and t h i s  s t r e a m f u n c t i o n  a p p e a r s  t o  b e  many-valued. G e n e r a l l y  i t  
can be deduced t h a t  

Q * 
y =  z7@ Y 

where y*is a s i n g l e  va lued  f u n c t i o n .  One can s ta te  w i t h o u t  
any loss  of g e n e r a l i t y  t h a t  t h e  a n g l e  @ is chosen i n  t h e  
i n t e r v a l  

o G e< 2n- 

The s t r e a m f u n c t i o n  i s  now s i n g l e  valued where Y' i s  a c o n s t a n t  
v a l u e .  

I f  t h e r e  i s  a s i n k  o r  s o u r c e  s i t u a t e d  i n  a nodal  p o i n t  o f  an  
e lement  mesh w i t h  d i f f e r e n t  p e r m e a b i l i t i e s  i n  t h e  sur rounding  
e lements  as i n d i c a t e d  i n  f i g u r e  1 t h e  assumption is made t h a t  
i n  t h e  v i c i n i t y  of t h e  w e l l  t h e r e  is s t i l l  r a d i a l  symmetry 
w i t h  r e s p e c t  t o  t h e  groundwaterheads.  T h i s  means t h a t  t h e  flow 
i s  s t i l l  r a d i a l  and t h a t  

' \ 
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S i n c e  t h e  t o t a l  d i s c h a r g e  o f  t h e  w e l l  

i t  f o l l o w s  t h a t  

From e q u a t i o n  1 2  i t  f o l l o w s  

and  w i t h  e q u a t i o n  1 4  

QT. 
U -  

Now i t  can  b e  s t a t e d  t h a t  t h e  s t r e a m f u n c t i o n  a round  t h e  w e l l  
i n  a p o i n t  p w i t h  an  a n g l e  8 i s  

The u s e  o f  e q u a t i o n  18 i n  t h e  f i n i t e  e l e m e n t  method means t h a t  
t h e  v a l u e  o f  t h e  s t r e a m f u n c t i o n  which  h a s  t o  be c a l c u l a t e d  i n  
t h e  n o d a l  p o i n t  w i t h  a w e l l  c a n  be s e p a r a t e d  i n t o  t w o  p a r t s .  
The f i r s t  p a r t  i s  t h e  unknown b u t  c o n s t a n t  p a r t  y* and  t h e  
second i s  t h e  p a r t  d e p e n d i n g  on  t h e  v a l u e  8. T h i s  l a t t e r  one  
however c a n  d i r e c t l y  b e  s o l v e d  f rom t h e  c o n f i g u r a t i o n  of t h e  
e l e m e n t s  and  from t h e  p e r m e a b i l i t i e s  and  t h e  s t r e n g t h  o f  t h e  
d i s c h a r g e  %. From f i g u r e  1 c a n  be s e e n  t h a t  t h e  d i s c o n t i n u i t y  
a t  8 = 0 i n  t h e  s t r e a m f u n c t i o n  h a s  t o  be p u r s u e d  a l o n g  t h e  
s i d e s  o f  e l e m e n t s  u n t i l  i t  r e a c h e s  t h e  boundary .  T h i s  means 
a l o n g  t h i s  e l e m e n t  s i d e s  t h e  a p p l i c a t i o n  o f  a l i n e  d o u b l e t .  
T h i s  l i n e  doublet c a u s e s  t h e  jump i n  t h e  Y o v e r  t h e  e l e m e n t  
s i d e s .  On b o t h  s i d e s  o f  t h e  l i n e  d o u b l e t  t h e  s t r e a m f u n c t i o n  
h a s  a d i f f e r e n t  v a l u e  and  t h e s e  v a l u e s  are 



041 

60 rn 

w =  y *  

Y 

Y=  Y *+9, J 
09) 

A s  an example t h e  method is  a p p l i e d  i n  a s imple  f i n i t e  e l emen t  
program u s i n g  s q u a r e s  as e l emen t s .  

EXAMPLE 
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