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A MATHEMATICAL MODEL FOR PREDICTING THE CONCENTRATION OF NITROGEN COMPOUNDS 

I N  SURFACE AND GROUNDWATER STREAMS. 
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ABSTRACT 

The mechanism of water po l lu t ion  by ni t roqen compounds i n  na tura l  streams 

comprises simultaneous processes of hydrodynamic, physico-chemical and b io logica l  

t ransformations.  The paper presents  a qeneral ized model which considers t h e  governing 

processes simultaneously while reducinq t h e  number of required parameters. This is 

done by showing t h e  exis tence of un iversa l  parameters which govern the b io logica l  and 

mass t r a n s f e r  processes ,  by considering t h e  t o t a l  mineral nitrogen as  the s u b s t r a t e ,  

by an adoption of the  Monod model i n  descr ibing d e n i t r i f i c a t i o n  and by adding t h e  

balance of dissolved oxyqen. 

The f i n a l  p a r t  of  t h e  paper descr ibes  t h e  use of the  model a s  a t o o l  f o r  solving 

f i e l d  problems involving t h e  pred ic t ion  of pol lu t ion  hazards and p o s s i b i l i t i e s  of 

pol lu t ion  c o n t r o l .  

INTRODUCTION 

The mechanism of  water po l lu t ion  by ni t roqen compounds comprises three  d i s t i n c t  

processes ,  namely: hydrodynamic mass t ranspor t ,  chemical and b i o l o q i c a l  mass t r a n s f e r  

within t h e  water and physical  mass t r a n s f e r  a t  in te r face  sur faces .  

The present  study put  forward t h e  objec t ive  of i n t e s r a t i n q  t h e  e x i s t i n q  knowledqe 

i n t o  a generalized physical ly  cons is ten t  mathematical model f o r  pred ic t ing  t h e  con- 

cent ra t ion  of  var ious ni t roqen compounds i n  open streams and i n  groundwater. 

Hypotheses 

The proposed model i s  based on the  followinq hypotheses: 

a )  The b a c t e r i o l o g i c a l  processes of n i t r i f i c a t i o n  and d e n i t r i f i c a t i o n  a re  control led 

by two universa l  parameters: PH and Temwrature. 

b) The s u b s t r a t e  i n  t h e  n i t r i f i c a t i o n  urocess i s  the  t o t a l  n i t roaen  contained i n  both 

ammonia and ammonium. However, due t o  the  r e l a t i o n s h i p  of chemical equilibrium 

between them, it is possible  t o  r e f e r  j u s t  t o  one of them as a s u b s t r a t e  and thus 

s implify t h e  formulation of the model and t h e  required input  t o  i t ,  with a proper 
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modification of the model's parameters. 

c) The Monod model which has been used to describe the rate of growth of  nitrifying 

bacteria can also be applied to describe the rate of growth of denitrifying bac- 

teria as well. 

d) The transition from denitrification to nitrification and vice versa is gradual.and 

goes through a zone (between zero and some minimal concentration of dissolved oxyaen 

in which both processes occur simultaneously. 

e) The processes of volatilization of ammonia and reaeration can be described by a 

common model of gas transfer. 

f) An effective depth of distribution can be assigned to the state variables of pol- 

lution over which these variables can be averaged so as to enable the coupling of 

water quality and water flow simulation models. 

SCOPE AND MATHEMATICAL DESCRIPTION OF THE MODEL 

The bioloaical processes covered by the model are presented in fiq. 1. 
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The model i s  represented by t h e  following set of equations: 

1 for  m=n 

6mn = 0 for  m#n i, j = 1, 2;  k = 1,  2 ,  . . . 8 ,  

The overbar denotes here  an average over an ' e f f e c t i v e  mixing depth ' .  

Es, is  the concentrat ion of  the  k-th component of  t h e  system, namely: 

N1 = N l a  16 
+ N t o t a l  concentrat ion of  t h e  unoxidized mineral nitrogen 

( N l a  = Nm , N I B  = Nm+) 
4 

N2 = "0;' 

N3 ="; 
N4 = X concentrat ion of Nitrosomonas b a c t e r i a  

1 
N5 = X concentrat ion of Nitrobacter  b a c t e r i a  

N6 = X3 

N7 = 

2 
concentrat ion of Pseudosomonas b a c t e r i a  

DOSat-DO dissolved oxyoen d e f i c i t  

adsorbed ammonium ni t rogen (mass ner u n i t  volume of so lu t ion)  

i s  the v e l o c i t y  of t h e  l i q u i d  phase 

is t h e  d ispers ion  c o e f f i c i e n t  of  the k-th component, defined by 

N8 

"i 

Di j 
(k) 

- -  
(k)[ (a l -a2)vivj  / G + (a  + D*)6 ] / f ( P e ,  6 )  i n  an aqui fe r  D ( k )  = A 2 d i j  

n; . R5l6 61i b l j  
(2 )  

i j  

i n  a stream (the coordinate XI taken 
H 

along the  flow d i rec t ion)  

a l  and a2  a r e  t h e  longi tudina l  and t ransversa l  d i s w r s i v i t i e s  of t h e  a q u i f e r ,  

respec t ive ly ,  D denotes the c o e f f i c i e n t  of molecular d i f fus ion  and f ( P e ,  6 )  i s  a 

dimensionless funct ion of the  p e c l e t  number (Pe) and a qeometric c h a r a c t e r i s t i c  of 

* 
d 

the  pore space (6). n i s  the Manning c o e f f i c i e n t ,  whereas i s  the  hydraul ic  radius .  

1 = 1, 2 ,  3 ( f o r  N ) ( 3 )  - -  
Bk% i 1 

- 'ml N8N1+3 
Y1 . k, +N, 

Fk = akl x 
I 1  

akl i s  t h e  matrix of the  b io logica l  process defined by: 

KN7 a s  on the  next page (4) w i t h  (DO) (2) ins tead  of (DOImin and (DO)min a r e  theshold 

values  above which the  f i r s t  and second s tages  of the  n i t r i f i c a t i o n  process ,  respec- 

t i v e l y ,  a r e  not  a f fec ted  by the  concentrat ion of dissolved oxygen. 

(see next  page) (4 )  

(1) (2) 
m i  n 
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0 

Y3. ( ~ - H N ~ )  

0 

0 

(4)  

f o r  N7 = DOSat O r  DO=O 

uml is  t h e  maximum r a t e  of  b a c t e r i a l  growth d e f i n e d  by: 

135 

520 x 10 

920 x 10 -0.994(PH-6) 5 Lm3 f o r  Pseudosomonas (pH > 6)  

lo-o.788(pH-7) = - uml f o r  Nitrosomonas 
-1.486 (PH-7) - 

2 'm2 f o r  N i t r o b a c t e r  

K i s  t h e  s a t u r a t i o n  c o n s t a n t  de f ined  by: 1 

-0.8037 (pH-7) t k for Nitrosomonas 

-1.684 (DH-7) E k f o r  N i t r o b a c t e r  
2 

3 

140 x 10 1 ] p H . 7  
(7) 

k f o r  Pseudosomonas ( P H  ' 6 )  
Y is  t h e  y i e l d  c o n s t a n t  f o r  b a c t e r i a l  growth on t h e  s u b s t r a t e  N1 and Y i s  the  1 

Nitrogen u t i l i z a t i o n  c o e f f i c i e n t  f o r  t h e  c e l l u l a r  s y n t h e s i s  o f  b a c t e r i a .  

B i s  the  v e c t o r  o f  b a c t e r i a l  m o r t a l i t y  d e f i n e d  by: 
k 

Bk = ( 0 ,  0 ,  0 ,  b l t  b2t  b3 ,  0 ,  0 )  

1' 
where bl is t h e  ra te  o f  decav of b a c t e r i a  r e l a t e d  t o  t h e  s u b s t r a t e  N 

b i s  t h e  ma t r ix  o f  i n t e r p h a s e  mass t r a n s f e r  d e f i n e d  by: 
k j  

'a(', 6 1 j + G 8 j )  ( @ 6 1 k + * 8 k )  i n  an  a q u i f e r  (9) 
bkj = R x FAGlk G l j  + R67k 6 g j  + i n  a stream 

where: FA is the  e q u i l i b r i u m  r a t i o  between N1 and Ni d e f i n e d  by: 

(10) 10-0.03Tz - pH -1 ) 
FA = (1+10 

R is a u n i v e r s a l  c o e f f i c i e n t  o f  gas  t r a n s f e r  between the l i q u i d  and t h e  qaseous 

phases de f ined  by: 
D* + a 

Dd + f ( n , v , s )  i n  a stream 

in a p h r e a t i c  a q u i f e r  
( 1 2 )  D D = {  d 2  

R = q  - 
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where D is a v e r t i c a l  t r a n s f e r  c o e f f i c i e n t  i n  the l i q u i d  phase, d i s  an ' e f f e c t i v e '  

mixing depth and E is  a dimensionless conversion f a c t o r  which expresses the  l o c a l  f lux  

a t  the  sur face  i n  terms of averages over the  mixing depth. 

i s  t h e  f i r s t  order  k i n e t i c  r a t e  constant  of  adsorption; 8 i s  the r a t i o  of sorbed 

surface a rea  t o  t h e  t o t a l  sur face  a r e a  of the  void soace; ya is  the  p a r t i t i o n  coef f i -  

c i e n t  which relates N1 t o  N8. 

APPLICATIONS 

An appl ica t ion  of  t h e  model t o  da ta  obtained from a v a r i e t y  of exoeriments made it 

poss ib le  t o  der ive  a func t iona l  form of t h e  universa l  b io logica l  wrameters .  These i n  

t u r n  were used i n  ver i fy ing  t h e  model by proving i t s  c a p a b i l i t y  t o  reproduce da ta  from 

other  experiments under given i n i t i a l  and boundary condi t ions.  An evaluation of t h e  

ranqe of v a l i d i t y  of  t h e  var ious present ly  e x i s t i n g  models for  simulating water pollu- 

t i o n  by ni t roqen compounds was a l s o  made. 

I n  order  t o  study f i e l d  problems of po l lu t ion  t h e  model was computer programmed. A t  

t h i s  s tage  t h e  program handles only one dimension i n  space and steady flow condi t ions.  

In  sur face  water t h e  program was appl ied t o  t h e  study of flow i n  an open stream 

allowing f o r  t h e  supply of p o l l u t a n t s  a t  a given noin t  e i t h e r  continuously or  during 

a f i n i t e  per iod of time. From t h e  study of t h e  two cases  it was concluded t h a t  a pro- 

p e r l y  planned i n t e r m i t t e n t  discharge of p l l u t a n t s  t o  a stream can avoid t h e  onset  of 

anaerabic  condi t ions.  I n  groundwater t w o  problems were studied: 

a)  Concentration d i s t r i b u t i o n  of ni t roqen compounds i n  a semi- inf ini te  t h i c k  phrea t ic  

aqui fe r  under condi t ions of  a s teady and uniform flow and f ixed concentrat ions a t  t h e  

boundary. 

b) Concentration d i s t r i b u t i o n  of ni t rogen COmDOundS i n  a steady r a d i a l  divergent  o r  

converqent flow f i e l d  with a given concentrat ion a t  the  source o r  on a circle around 

it, respec t ive ly .  

In  both cases  it was found t h a t  t h e  v e r t i c a l  region of i n t e r e s t  can be subdivided 

i n t o  3 zones: 

a) The surface layer  zone which i s  a few mil l imeters  th ick  and i n  which t h e  dissolved 

oxygen i s  always a t  t h e  l e v e l  of s a t u r a t i o n .  I n  t h i s  zone t h e  b io logica l  process 

includes n i t r i f i c a t i o n  only. 

b) The intermediate  zone i n  which aera t ion  is still  poss ib le .  It  is t h e  domain of the  

e f f e c t i v e  depth of dissolved oxygen. 

In  t h i s  domain t h e  b io logica l  processes include n i t r i f i c a t i o n  and/or d e n i t r i f i c a -  

t i o n  according to  t h e  concentrat ion of dissolved oxyqen. 

c )  The bottom zone i n  which anaerobic condi t ions preva i l .  The b io logica l  process i n  

t h i s  zone includes d e n i t r i f i c a t i o n  only. 

For s u f f i c i e n t l y  high va lues  of R (gas t r a n s f e r  c o e f f i c i e n t ) ,  t h e  abundance of 

dissolved oxygen causes  a quick t r a n s f e r  from s u b s t r a t e  t o  n i t r a t e  while a t  l o w  R 
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values d e n i t r i f i c a t i o n  may occur. 

I t  w a s  found t h a t  t h e  r e l a t i v e  weights of t h e  hydrodynamic and b io logica l  pro- 

cesses  i n  determining t h e  concentrat ion d i s t r i b u t i o n  of ni t rogen compounds can be 

character ized by a dimensionless parameter s ,  ( s  = - This parameter expresses  

the r a t i o  between t h e  hydrodynamic d isDers iv i ty  and a properly def ined b i o l o q i c a l  

d i s p e r s i v i t y .  The spread of  the  n i t rogen  compounds increases  as s increases .  Thus, 

f o r  s u f f i c i e n t l y  high values  of s ,  (e.g. s i n  t h e  order  of severa l  hundreds) t h e  

b io logica l  process  can be neglected,  and vice versa .  

V 

In  study b)  so lu t ions  were obtained f o r  both t h e  sur face  layer  and t h e  interme- 

d i a t e  zone. 

In  t h e  surface layer  zone, the  abundance of dissolved oxygen causes the  concen- 

t r a t i o n  p r o f i l e  of t h e  s u b s t r a t e  t o  approach a s teady d i s t r i b u t i o n .  On t h e  o ther  hand 

t h e  p r o f i l e  of n i t r a t e  advances i n  t i m e  always containing a f r o n t  p a r t  i n  which n i t r i -  

f i c a t i o n  is the  dominant process .  The length of t h i s  p a r t  increases  a s  t i m e  goes on. 

The concentrat ion of n i t r a t e  i n  it is  higher  than a t  t h e  source and the  maximum con- 

cent ra t ion  moves w i t h  t h e  average ve loc i ty .  

I n  t h e  intermediate  zone hydrodynamic t r a n s p o r t  can be considered a s  the  dominant 

process. 

CONCLUSIONS 

1. The transformation of ni t rogen compounds i n  sur face  o r  groundwater streams can be 

predicted by a uni f ied  mathematical model which rests on universa l  parameters and on 

consider ing t h e  t o t a l  mineral nonoxidized ni t roqen a s  the  s u b s t r a t e .  The major advan- 

tage of such a model i s  t h e  simultaneous considerat ion of the  governing processes ,  

while reducing t h e  number o f  required parameters. Moreover, i n  order  t o  determine these 

parameters it is  enough t o  know t h e  temperature and pH of t h e  so lu t ion .  

2 .  The pol lu t ion  of an a q u i f e r ,  caused by the  spread of ni t roqen compounds from a 

given a r e a l  o r  point  source usua l ly  r a i s e s  two quest ions:  

a )  The time of a r r i v a l  of t h e  f i r s t  t r a c e  a t  a qiven d is tance  from t h e  source. 

b) The a r e a l  concentrat ion d i s t r i b u t i o n  i n  the  a q u i f e r .  

The f i r s t  problem can be handled by considerinq the  sur face  layer  only. 

The second problem can be handled by consider ing t h e  intermediate  zone (zone of 

e f f e c t i v e  depth) and/or t h e  bottom zone of t h e  aqui fe r  accordinq t o  t h e  loca t ion  of 

t h e  source of po l lu t ion .  

3 .  Because of the  l imi ted  time s c a l e  of t h e  b i o l o g i c a l  process i n  some cases  it may 

be s u f f i c i e n t  f o r  p r a c t i c a l  purposes t o  s p l i t  t h e  dura t ion  of t h e  e n t i r e  process of 

ni t rogen transformations i n t o  d i s t i n c t  p a r t s ,  with only one dominant process being 

considered i n  each of them. 

The general ized model can serve a s  a t o o l  f o r  planninq t h e  regime of waste dispo-  

sal t o  a water course so a s  t o  avoid nuisances due t o  anaerobic condi t ions.  
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I t  can a l so  s e r v e  as a tool for c o n t r o l l i n g  groundwater  q u a l i t y  i n  areas of 

waste d i s p o s a l .  
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