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ABSTRACT 

A g e n e r a l  fo rmula t ion  o f  t h e  t r a n s p o r t  equa t ion  o f  s o l u t e s  i n  porous media i s  

developed t h e o r e t i c a l l y  f o r  a slug i n j e c t i o n ,  w i th  t h e  assumption t h a t  t h e  d i s t r i b u -  

t i o n  o f  t h e  v e l o c i t i e s  i n  t h e  medium is gauss i an ,  and t h a t  molecular d i f f u s i o n  i s  

n e g l i g i b l e .  

The e q u i v a l e n t  o f  t h e  d i s p e r s i o n  c o e f f i c i e n t  i n  t h e  equa t ion  is  then  shown t o  be a 

f u n c t i o n  o f  t i m e .  T race r  experiments  performed bo th  i n  s i t u  and i n  t h e  l a b  seem t o  be 

i n  accordance wi th  t h i s  hypo thes i s ;  as an  example, t h i s  model i s  shown to  g ive  an 

e x c e l l e n t  f i t  f o r  t h e  d a t a  pub l i shed  by C o a t s  & a l .  i n  1964, and f o r  which t h e s e  

a u t h o r s  had developed t h e  "dead end pore" model. 

INTRODUCTION 

The t r a n s p o r t  o f  s o l u t e  i n  non-uniform porous media is c u r r e n t l y  desc r ibed  by t h e  

d i s p e r s i o n  equa t ion ,  which w r i t e s :  

ac 
a t  

- 
d i v  (5 grad C - UC) = - 

- - 
D: d i s p e r s i o n  t e n s o r ,  w i th  p r i n c i p a l  d i r e c t i o n s  p a r a l l e l  and or thogonal  t o  t h e  ve loc i -  

t y  r 

C : c o n c e n t r a t i o n ,  

U :  microscopic  v e l o c i t y .  
- - 

The d i s p e r s i o n  c o e f f i c i e n t s  o f  t h e  t e n s o r  D are assumed t o  be func t ions  o f  t h e  

v e l o c i t y  U o n l y .  However, a l a r g e  number o f  a u t h o r s  (e .g .  r e f .  1,2 ,3)  have r e c e n t l y  

ques t ioned  t h e  v a l i d i t y  o f  t h i s  model, both on t h e  b a s i s  o f  t h e o r e t i c a l  developments 

and experimental  d a t a .  I t  is  w e l l  known, f o r  i n s t a n c e ,  t h a t  t h e  i n t e r p r e t a t i o n  o f  a 

t r a c e r  t e s t  g i v e s  d i s p e r s i o n  c o e f f i c i e n t s  which i n c r e a s e  a s  t h e  d i s t a n c e  between the  

i n p u t  w e l l  and t h e  obse rva t ion  w e l l  i s  inc reased :  such a d e v i a t i o n  from t h e  c l a s s i c a l  

model i s  r e f e r e d  t o  as t h e  " s c a l e  e f f e c t " .  

Reprinted from The Science of the Total Enuironment, 21 (1981) 319-328 
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I n  t h i s  paper, we w i l l  f i r s t  develop a d i f f e r e n t  equation t o  represent  t h e  t r a n s -  

p o r t  of  s o l u t e  i n  porous media, under c e r t a i n  s implifying assumptions, using a s to-  

chast icapproach.  I:e w i l l  then t r y  t o  support  t h i s  d i f f e r e n t  formulation by in te rpre-  

t i n g  t r a c e r  t e s t s  performed i n  the  labora tory  o r  i n  s i t u .  

A SIMPLIFIED TRANSPORT EQUATION I N  A STOCHASTIC FRAMEWORK 

W e  w i l l  develop our equation i n  the ordinary space Rn (n = 1 , 2  o r  3 )  with the  

three following assumptions: 

a )  the t ranspor t  i s  governed by t h e  ve loc i ty  v a r i a t i o n s  of  t h e  f l u i d  i n  the  porous 

medium, molecular d i f fus ion  i s  negl ig ib le ;  

b)  the microscopic ve loc i ty  f i e l d ,  U, which i s  unknown, can be regarded as a s t a t i o -  

nary random process ,  i .e.  U is  a v e c t o r i a l  s t a t i o n a r y  random funct ion (SRF). We w i l l  

fu r ther  assume t h a t  the  p r o b a b i l i t y  d i s t r i b u t i o n  funct ion (PDF) of U i s  gaussian with 

n var iab les ,  and t h a t  U i s  conservat ive ( d i v  U = 0 ) .  This means t h a t  the  flow i s  in 

steady s t a t e ,  with a constant  poros i ty :  

C )  

In  

of 

a s l u g  of  t r a c e r  i s  i n j e c t e d  a t  t i m e  t = 0 

our notat ions,  U and X a r e  vec tors ,  and U1 

a t  the o r i g i n  X = 0 of  the  system. 

or X 
i represent  one of  t h e i r  components: 

x = I"'I 
Xn 

t '  The lower index of  a vector  w i l l  denote the  t i m e :  X 

The t ranspor t  can be descr ibed by giving,  as a funct ion of  t i m e ,  the  p o s i t i o n  X 

a p a r t i c l e  i n j e c t e d  a t  t = 0 a t  t h e  o r i g i n .  As discussed i n  re f .3 ,  t h i s  method of 
t 

represent ing t ranspor t  i s  equivalent  t o  the  determination, i n  the case of  a s l u g  

i n j e c t i o n ,  of the  concentrat ion C a s  a funct ion of  t i m e  and space, a s  i n  (1): C ( X , t )  

i s  equal  t o  the  p r o b a b i l i t y  d e n s i t y  of  the p a r t i c l e  a t  loca t ion  X and time t. 

With our assumption ( a ) ,  the  t ranspor t  equat ion wr i tes :  

U ( X t )  
dXt - =  
d t  

Using the  assumptions (b)  f o r  the  ve loc i ty  U ,  we w i l l  develop t h e  d i f f e r e n t i a l  

equation which i s  v e r i f l e d  by the  probabi l i ty  dens i ty  p ( X , t )  of the  p a r t i c l e  ( o r  by 

the  concentration C i n  the case of  a s l u g  i n j e c t i o n ) .  

Matheron ( re f .4)  has shown t h a t  i f  U i s  a SFF with a given PDF, then the  condition 

d i v  U = 0 i s  s u f f i c i e n t  t o  insure  t h a t  V i s  a l s o  a SFW with the  same PDF a s  U i n  the 

t i m e  domain. 



889 

W e  can w r i t e  ( 2 )  as :  t 
Xt V(T)dT 

W e  then have: 

E ( X  t ) = E [ o 1 = ( T ) d T ]  =JtE[V(T)]dT = t E[V] = t E[U] = t a 

where 6 = E[U] 
T Kt = var  [ X  ] = E [(X -E(X ) )  ( X  - E ( X t ) ) ]  t t t  t 

= E ( X X ) - E ( X ) E ( X t )  T T 
t t  t 

T where 

matrix. 

X = ( X 1 ,  ..., X n )  i s  the  transpose of  X .  Note t h a t  t h i s  variance i s  a nxn 

where C ( t )  is  the  nxn covariance matr ix  of  t h e  components of  t h e  ve loc i ty  V,  t a k e n  

with a t i m e  l a g  t. 

As w e  assume the  SRF, U, t o  be a gaussian function with n v a r i a b l e s ,  V is a l s o  

gaussian and the  i n t e g r a l  X t  of V i n  ( 3 )  is a l s o  gaussian. 

p a r t i c l e  a t  loca t ion  X and time t is  given by: 

Then, the  PDF of  the  

where d is t h e  determinant of the  variance matrix K given i n  ( S ) ,  t P = T ( X - t c )  Kt-l(X-ta) 

P i s  a p o s i t i v e  quadrat ic  form, the  matrix of which is the  inverse 

t '  of  t h e  variance matrix K 

W e  w i l l  e s t a b l i s h  t h e  p a r t i a l  d i f f e r e n t i a l  equation which p ( X , t )  v e r i f i e s  using 

the  Fourier ana lys i s  of ( 6 ) .  

The Fourier  transform over space of  t h e  PDF P ( X , t )  i s  given by: 
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* = - grad p u  - 1  + d i v  (grad P at) aKt a t  - 

where S = (S1, ..., S ) is  t h e  Fourier v a r i a b l e  vector .  

T 
itsU-1/2 s K~ s One can show t h a t :  

F ~ [ P ( X , ~ ) I  = e ( 7 )  

The expected value of  X has been taken here a s  i n  ( 4 ) ,  and i t s  variance matrix t 
K is  given i n  ( 5 ) .  t 

W e  can use the following proper t ies  of  the  Fourier  transform. In  the  case of a 

regular  funct ion f ( X , t ) ,  w e  have: 

Here, we can w r i t e ,  according t o  ( 7 )  and ( 8 )  : 

a p  - 1 aKt T 
a t  2 a t  S 

Fs (-) = (iSU -- S - S)  F ( p )  

Applying (9 )  t w i c e  t o  ( 7 ) :  

Combining equations (10) t o  (12) .  we obta in :  

a K  
- 1  t 

FS (2) = -F (grad P U) + - F [d iv  (grad P at) 1 
S 2 s  

a where grad p is  t h e  vector  (% ... *) and d i v  i s  t h e  operator  1 : 
a xn j ax3 ax 

By applying F-', w e  obtain:  
S 

which can a l s o  be wr i t ten  a s :  

where Kjk a r e  the c o e f f i c i e n t s  of  the  covariance matrix given i n  ( 5 )  

(10) 

CJk i s  a function of time, not  of space, and: 
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jk C ( T )  i s  t h e  covariance funct ion o f  t h e  components j and k of  the  ve loc i ty  V, with 

a t i m e  l a g  T .  

This  equat ion i s  only v a l i d  f o r  a s l u g  i n j e c t i o n  a t  t = 0 and X = 0,  and n o t  f o r  

any o t h e r  i n i t i a l  condi t ions.  

I t  i s  reasonable to assume that, i n  general :  

Transport w i l l  t h e r e f o r e  be, i n  general ,  asymptot ical ly  d i f f u s i v e ,  with a constant  

d i spers ion  tensor ,  bu t  only f o r  a t r a n s i e n t  t i m e  s u f f i c i e n t  f o r  this i n t e g r a l  to  

converge. This w i l l  normally be a funct ion o f  t h e  "correlat ion length" of t h e  medium, 

i.e. the  d is tance  over which t h e  v e l o c i t i e s  are cor re la ted .  

For e a r l y  times, equat ions (131, (14) and (15) show t h a t  t h e  "dispersion tensor"  
- w i l l  vary with t i m e ,  both i n  magnitude and i n  pr inc ipa l  d i rec t ions ,  as t h e r e  i s  

a p r i o r i  no reason why these  d i r e c t i o n s  should remain constant  when t h e  c o e f f i c i e n t s  

vary. 

A cons tan t  d i spers ion  tensor  could only  occur i f  t h e  covariance funct ions C j k ( ~ )  

o f  the  ve loc i ty  components w e r e  D i r a c  funct ions,  i .e.  a medium displaying no corre-  

l a t i o n s  o f  t h e  ve loc i ty  components even f o r  sma l l  t i m e  l ags .  

Can the  t h e o r e t i c a l  tool developed here  f o r  t h e  descr ip t ion  o f  tracer movements 

be used i n  p r a c t i c e  ? W e  w i l l  examine t r a c e r  tests i n  the f i e l d  or i n  the  lab which 

have been i n t e r p r e t e d  using t h i s  approach. For a s l u g  i n j e c t i o n ,  it has been found 

t h a t  equiva len t  d i spers ion  c o e f f i c i e n t s  seemed t o  be indeed a funct ion of  t i m e ,  and 

n o t  of  space. 

TIME DEPENDENCE OF DISPERSION COEFFICIENTS DURING TRACER TESTS 

I n  s i t u  

I n  1978, A. Dieulin'conducted a t r a c e r  test i n  t h e  a l l u v i a l  aqui fe r  of  the  r i v e r  

Marne, a t  Torcy. L f t e r  a s l u g  i n j e c t i o n  of  an e l e c t r o l y t i c  s o l u t i o n ,  observations 

were made a t  5,  10 and 15 m from t h e  i n j e c t i o n  p o i n t  i n  t h e  d i r e c t i o n  of the  veloci-  

t y ,  under n a t u r a l  flow condi t ions.  Measurements were made by sampling and by i n  s i t u  

r e s i s t i v i t y  logging. These r e s u l t s  have been i n t e r p r e t e d ,  and presented i n  r e f .  5 ,  6, 

7. It w a s  shown t h a t  the  permeable base of  each sedimentary sequence forms a "guide" 

i n  which t h e  t r a c e r  plume moves forward. Each "guide" (height  ?r 0,30 m )  can be 

regarded as an independent isotropic  2D medium, where an average s p a t i a l  ve loc i ty  6 
can be def ined.  



892 

As a f i r s t  hypothesis, it w a s  assumed t h a t  t h e  d i rec t ion  x o f  t h e  ve loc i ty  i n  

each guide was the  f i r s t  p r i n c i p a l  d i r e c t i o n  of t h e  dispers ion tensor  f o r  a l l  time, 

and t h a t  t h e  d i s t r i b u t i o n  of the  t r a c e r  i n  the medium X w a s  gaussian with t w o  

var iab les ,  a s  i n  the above theory. Type curves were computed t o  determine the var i -  

ance as a funct ion of time of  t h i s  d i s t r i b u t i o n  a t  each observat ion poin t .  As obser- 

vat ions were only ava i lab le  i n  the longi tudina l  d i r e c t i o n ,  it w a s  f u r t h e r  assumed 

t h a t :  

t 

- - 
x = t u  (movement of  t h e  cent ro id  of  t h e  plume) 

= 2 t  D L ( t )  (D (t)  "temporal function" of  longi tudina l  dispers ion)  Kxx L 
K = 2 t  DT ( D  t ransverse  d ispers ion  c o e f f i c i e n t ,  assumed constant) w T 

It  was found t h a t  D (t) was unique f o r  a l l  observat ion poin ts  whereas the  usual L 
i n t e r p r e t a t i o n  would give a d i f f e r e n t  d i spers ion  c o e f f i c i e n t  f o r  each observation 

dis tance (F ig .1) .  Ins tead  of  a "sca le  e f f e c t " ,  the  present  theory provides a more 

coherent "time e f f e c t "  f o r  the v a r i a t i o n  o f  t h e  dispers ion c o e f f i c i e n t s .  

Other i n  s i t u  tests performed e a r l i e r  a t  Bonnaud ( re f .8)  w e r e  also i n t e r p r e t e d  

with the  same hypothesis, providing a more coherent explanat ion of  the da ta  with one 

unique "temporal funct ion of  longi tudina l  d i spers ion" ,  ins tead  of a sca le  e f f e c t  

( r e f . 5 ) .  

Laboratory t e s t s  on sediments columns 

By in tegra t ion  of  the d i s t r i b u t i o n  i n  y and z ,  t h e  concentrat ion is assumed t o  

follow a 1 D  gaussian d i s t r i b u t i o n ,  along the  x longi tudina l  a x i s  of  t h e  column for  a 

s l u g  i n j e c t i o n .  However, t e s t s  a r e  usual ly  done with a continuous i n j e c t i o n  of  t r a c e r .  

As our theory was es tab l i shed  f o r  the  s l u g  i n j e c t i o n  only,  w e  assumed, with Gelhar 

and a l .  ( r e f . 2 ) ,  t h a t  a continuous i n j e c t i o n  can approximately be considered a s  a 

space convolution, from x = 0 t o  x = --, Uf s l u g  i n j e c t i o n s  i n  the medium. Assuming 

t h e  exis tence of  a longi tudina l  "temporal funct ion" of  d i spers ion ,  w e  then have: 

Data from Martin ( re f .9)  have shown t h a t  D ( t )  can be decomposed a s  ( r e f . 5 ) :  
L 

f being only a function of f i ,  with x = 6 t  (mean t r a v e l  d i s tance)  and g being only a 

funct ion of x, which we have defined a s  the  " i n t r i n s i c  funct ion of  d i spers ion" .  

This formulation has been appl ied t o  experimental data  obtained by Coats e t  a l .  

( re f .10)  on a core made of consol idated sediments. They i n t e r p r e t e d  these data  with 

the "dead end pore" model, but  could not  f i t  the experiments with the same model 
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parameters a t  d i f f e r e n t  v e l o c i t i e s .  

W e  chose the  C o a t s  e t  a l .  d a t a  as t h e i r  "dead end pore" model can be regarded as 

a s p e c i a l  case of  our  theory,  t h e  ve loc i ty  d i s t r i b u t i o n  which they assumed i n  the 
medium being very simple: (i) zone with uniform ve loc i ty  (mobile water ) ;  (ii) zone 

with zero ve loc i ty  (dead end pores) .  

I n  our approach, the  average ve loc i ty  i s  L / t  (core length divided by the  t i m e  
0 

when C/Co = 0.5). One can then determine the "temporal function of  dispers ion" as: 

Resul ts  a r e  given Fig.2 f o r  t h r e e  d i f f e r e n t  v e l o c i t i e s  ( i l  = .009 c d s ,  i& = -0525 

cm/s and 6 3  = -202 cm/s). 

Assuming again t h a t  D ( t )  = f ( i ) g ( % ) ,  and tak ing  f ( & ) / f ( i 1 )  = 4.1 and f(63)k(6I) = 

20.66, the  three  funct ions g(2) can be shown t o  be almost i d e n t i c a l  (Fig.3). I t  

should be noted t h a t  f ( i , ) / f ( v l )  = ( i 2 / 6 1 ) ~ . *  and f (63) / f ( f i1)  = (&/ii1)0-97. The 

dependence of  D ( t )  on ve loc i ty  is almost l i n e a r ,  as it is f o r  the  usual dispers ion 

c o e f f i c i e n t .  W e  w i l l  therefore  take f ( i 1 )  = il. 
A unique i n t r i n s i c  funct ion of d i spers ion  g(x) has been se lec ted  i n  Fig.3 ( s o l i d  

l i n e ) .  Assuming t h e  exac t  dependence on ve loc i ty ,  w e  compute the "temporal dispers ion 

function" as:  

D i ( t )  = f ( i i )  g ( i )  i = 1,2,3 ( 3  runs)  

We were ab le  t o  compute the t h e o r e t i c a l  responses f o r  t h e  three  runs, using equation 

(16) i n  Fig. 4,5,6. We have a l s o  shown i n  these f igures  the  best f i t  f o r  the classi- 

c a l  d i spers ion  model, and f o r  Coat ' s  dead end pore model. Imereas our r e s u l t s  almost 

i d e n t i c a l l y  follow the  observat ions,  the  c l a s s i c a l  model gives  very poor r e s u l t s ,  and 

Coat 's  model is  a l s o  less good, e s p e c i a l l y  f o r  runs 2 and 3, even when using d i f f e -  

r e n t  parameters f o r  each run, which our model does not  need t o  do. 

CONCLUSION 

A number of  l i m i t i n g  assumptions have been necessary t o  develop the  theory (e.g. 

gaussian d i s t r i b u t i o n  of  ve loc i ty ,  no molecular d i f f u s i o n ,  e tc . . . ) .  However, a few 

experimental r e s u l t s  seem t o  support our conclusions, namely t h a t  f o r  a s l u g  in jec t ion  

of  t r a c e r ,  the equiva len t  of  t h e  dispers ion c o e f f i c i e n t ,  what w e  c a l l e d  the "temporal 

funct ion of  dispers ion",  i s  indeed a funct ion of  t i m e ,  o r  of the  mean t r a v e l l e d  

d is tance  of  the  t r a c e r .  

We intend t o  continue the research along t h i s  l i n e  by achieving the  following 

quest ions:  - v a l i d i t y  of time convolution, 

- int roduct ion of  molecular d i f f u s i o n ,  
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- d e t e r a n a t i o n  o f  t h e  cova r i ance  f u n c t i o n s  o f  each  component o f  t h e  

v e l o c i t y ,  and  o f  t h e  p r i n c i p a l  directions of t h e  cova r i ance  m a t r i x .  

Work shou ld  p r o g r e s s  b o t h  t h e o r e t i c a l l y  and  expe r imen ta l ly .  
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Fiq.1. F i e l d  experiment: temporal funct ion of dispers ion for  
one of  the  guides. Calculated curves and experimental data .  

TIME Ihourl 

C 

W ID 15 

MEAN TRAVEL DISTANCE 
normcd by cm length 

Fig.2. Laboratory experiment (Coats & a l . ,  Fiq.3. Laboratory experiment (Coats & 
1964) : temporal funct ions of dispers ion a l . ,  1964) : " i n t r i n s i c "  function of  
( three  runs) .  d i spers ion  ( t h r e e  r u n s ) .  
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FIG. 4,5 and 6.  Labora tory  exper iment  (Coats  & a l . ,  1 9 6 4 ) .  
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