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ABSTRACT 

fined seepage f l o w  between two underground conduits : one carrying 
polluted water, and the o ther  carrying f resh  water. Three numeri- 
c e l  techniques are developed and compared f o r  t rac ing  the movement 
of conservative pol lu tan ts  between the two conduits : l i n e a r ,  curvi- 
l i n e a r ,  and l inear-curvi l inear .  

The piezometric head d i s t r i b u t i o n s  and the streamline configurations 
a re  determined numerically €o r  steady f l o w  through isotropic ,  hoao- 
geneous, porous media. Theoretical  displacement f ronts  a r e  then deter- 
mined neglecting hydrodynamic dispersion. 
r e t i c a l  displacement f r o n t s  developed u s i n g  the above three numerical 
techniques indicate  t h a t  the  l i n e a r  technique is su i tab le  generally 
f o r  smaller g r i d  s i z e s  while the  s u i t a b i l i t y  of the l inear-curvi l inear  
technique extends t o  the la rge  erid s i z e s  of  the meshwork enclosing 
the  region of flow. The curv i l inear  technique is  found t o  he generally 
s u i t a b l e  but  requires  r e l a t i v e l y  more complicated numerical procedure. 
Reductions of g r i d  s i z e  decrease the  differences between solut ions f o r  
the displacement f r o n t s  determined using various numerical techniques 
and general ly  improve t h e i r  accuracy. However, t h i s  l a t t e r  tendency 
i s  diminished f o r  excessively s m a l l  g r i d  s izes .  Moreover, theore t ica l  
displacement f r o n t s  a r e  developed using the l i n e a r c u r v i l i n e a r  numerical 
technique f o r  f l o w  from a surface pond t o  an  undergound conduit and 
a r e  compared t o  theore t ica l  and experimental r e s u l t s  determined by 
o ther  researchers. It is shown t h a t  the  t h e o r e t i c a l  r e s u l t s  of t h i s  
study agree more closely with the above experimental r e s u l t s  than do 
o ther  theore t ica l  resu l t s .  

The conclusions derived from t h i s  inves t iga t ion  a r e  useful  guide- 
lines i n  s tud ies  concerning t rac ing  of pol lutant  movement under diffe- 
r e n t  conditions. 

This t h e o r e t i c a l  study concerns the t rac ing  of pol lutants  i n  con- 

Comparisons between theo- 
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IIQTRODUCTIOn 
This  i n v e s t i g a t i o n  r e l a t e s ,  t o  t h e  development of numerical tech- 

niques f o r  salt water  t r ac ing .  The problem concerns flow between 
two cana l s  i n  a confined a q u i f e r  (see Fig. 1) .  

t h i s  s tudy comparisons are made f o r  t h e  problem of  flow i n  a t i l e -  
drained f i e l d  leached by ponded water ( s e e  Fig. 2).  
s tudy t h e  porous media considered is  s a t u r a t e d ,  homogeneous and iso-  
t rop ic .  The flow is  s teady  and laminar  w i th in  t h e  range of  appl ica-  
b i l i t y  of Darcy's l a w .  

I n  o rde r  t o  v e r i f y  some of t h e  numerical techniques developed i n  

Throughout t h e  

ANALY S IS 
In  o rde r  t o  determine t h e  d i s t r i b u t i o n  of t h e  s t ream and p o t e n t i a l  

func t ion ,  it is necessary t o  so lve  t h e  l a p l a c e  equat ion  numerical ly  
with the  proper  boundary condi t ions.  Locat ions of s t r eaml ines  with 
var ious  va lues  o f  stream func t ions  from 10 p e r  cent  t o  90 p e r  cent  
(with an increment o f  10 pe r  c e n t )  were determined through in t e rpo la -  
t i o n  of t h e  i n t e r s e c t i o n  p o i n t s  of  t he  s t r eaml ines  with the  network 
i n  both d i r e c t i o n s  ( x  and y) .  The co r re spond iw va lues  o f  t h e  poten- 
t i a l  func t ion  a t  the  po in t s  of i n t e r s e c t i o n  were determined through 
i n t e r p o l a t i o n  a l so .  I n  o rde r  t o  c a l c u l a t e  t h e  i n t e r s e c t i o n  po in t s  
of s t reaml ines  and t h e i r  corresponding p o t e n t i a l  func t ion  va lues  
two i n t e r p o l a t i o n  methods were u t i l i z e d  a )  l i n e a r  i n t e r p o l a t i o n  
method and b) c u r v i l i n e a r  i n t e r p o l a t i o n  by Newton's d iv ide  - d i f f e -  
rence method. 

Along each s t reaml ine  determined previous ly ,  t h e  accumulated time 
of s o l u t e  advance w a s  c a l cu la t ed  at p o i n t s  of  i n t e r s e c t i o n  with t h e  
meshwork stsrting from t h e  i n l e t  po in t  of t he  s t r eaml ine ,  l oca t ed  on 
t h e  bed of t h e  i n l e t  canal  proceeding along; t h e  d i r e c t i o n  of  flow 
and te rmina t ing  on t h e  o u t l e t  po in t  of t h e  s t reaml ine  loca ted  a t  the  
bed of t he  o u t l e t  canal .  I n  o rde r  t o  c a l c u l a t e  t h e  accumulative 
time of s o l u t e  advance along each s t r eaml ine ,  Darcy's l a w  may be 
developed f o r  t h e  incremental  s o l u t e  advance as : 

where s ,  A h ,  and A t are t h e  incremental  d i s t ance ,  piezometr ic  
head, and t i m e  requi red  t o  move the s o l u t e  on t h e  s t reaml ine  from 
one i n t e r s e c t i o n  poin t  with t h e  meshwork t o  the  next ;  K, and n re-  
p re sen t  hydraul ic  conduct iv i ty  and po ros i ty  respec t ive ly .  I n  o rde r  
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t o  move the s o l u t e  on t h e  s t reaml ine  through a s e r i e s  o f  i n t e r s e c t i o n  
p o i n t s  wi th  t h e  meshwork, equat ion  ( 1 )  becomes : 

The l e f t  hand s ide  o f  equat ion  ( 2 )  is r e f e r r e d  t o  as time f a c t o r  At. 
Hence 

The t i m e  f a c t o r ,  At ,  is determined from t h e  peizometr ic  head d i s -  
t r i b u t i o n  and s t reaml ine  conf igura t ion .  While t h e  time required t o  
move t h e  s o l u t e  a long  a s t reaml ine  through a s e r i e s  of i n t e r s e c t i o n  
p o i n t s  may be obtained from equat ion  ( 3 )  as : 

The c a l c u l a t i o n  
w a s  followed by 

of  accumulated time f a c t o r ,  A t ,  a long  each s t reamline 
an  i n t e r p o l a t i o n  process  i n  o rde r  t o  determine the  

l o c a t i o n s  o f  s p e c i f i e d  va lues  o f ,  At ,  on a l l  s t reaml ines .  The curve 
through the p o i n t s  w i t h  t h e  same va lue  o f  At f o r  a l l  s t reaml ines  re- 
p re sen t s  t h e  displacement f r o n t  of the movement of  s o l u t e  f o r  tha t  
t i m e  f ac to r .  
l i n e  were detennined us ing  two types  of  i n t e r p o l a t i o n  
a) l i n e a r  i n t e r p o l a t i o n  
method. 

I n  the  modified technique t h e  i n t e r p o l a t i o n  of  i n t e r s e c t i o n  poin ts  
o f  s t r eaml ines  w i t h  t h e  meshwork w a s  performed us ing  a l i n e a r  re la -  
t i onsh ip ,  whereas the l o c a t i o n s  of  the s e l e c t e d  va lues  of accumulated 
time f a c t o r ,  A t ,  a long each s t reaml ine  were determined w i t h  the a i d  
of c u r v i l i n e a r  i n t e rpo la t ion .  
each s t reaml ine  r e s u l t i n g  from l i n e a r  i n t e r p o l a t i o n  o f  t h e  in t e r sec -  
t i o n  procedure were doubled by means of c u r v i l i n e a r  i n t e r p o l a t i o n  
method. 

A computer program w a s  w r i t t e n  i n  For t r an  IV i n  o rde r  t o  perform 
a l l  t h e  computation involved. 

The displacement f r o n t  of sa l t  water i n  a two-dimensional flow 
system corresponding t o  a t i l e - d r a i n e d  f i e l d  being leached by ponded 
water (Fig. 2 )  w a s  examined i n  t h i s  r e sea rch  by us ing  the modified 
numerical technique descr ibed  e a r l i e r .  Fernandet ( r e f .  3) measured 

Locat ions o f  s p e c i f i c  va lues  of  At a long each stream- 

b )  c u r v i l i n e a r  i n t e r p o l a t i o n  by Newton's 

Moreover the number o f  po in t s  a long 
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displacement f r o n t s  f o r  t h i s  case of  flow i n  a sand tank. Luthin 
( r e f .  5 )  examined it t h e o r e t i c a l l y  wi th  a i d  of  Kirkham's equat ions  
( r e f .  4 )  f o r  e q u i p o t e n t i a l s  and s t reaml ines  f o r  t h e  case of ponded 
water  flow. 

For t h i s  problem a d r a i n  of 0.11 f t .  d iameter ,  is  loca ted  a t  t h e  
impervious b a r r i e r ,  6 f t .  from t h e  s o i l  su r f ace  a t  one end of t h e  
reg ion  of flow of  l e n g t h  15 f t .  t hus  s imula t ing  a 30 f t .  d r a i n  spac- 
ing. The po ros i ty  and permeabi l i ty  of t h e  sand were 0.385, and 
1.412 f t / h r  r e spec t ive ly  which were equal t o  t h e  s o i l  c h a r a c t e r i s t i c s  
measured by Fernandez ( r e f .  3 )  i n  h i s  experimental work and consider- 
ed by Luth in  ( r e f .  5 )  i n  h i s  t h e o r e t i c a l  so lu t ion .  The same problem 
was resolved i n  t h i s  i n v e s t i g a t i o n  numerical ly ,  as ind ica t ed  e a r l i e r ,  
by us ing  a d i g i t a l  computer program w r i t t e n  i n  For t r an  I V  and t h e  
r e s u l t s  were compared t o  t h e  displacement f r o n t s  measured by Fernandez 
(ref.  3) and solved by Luth in  ( r e f .  5 )  i n  o rde r  t o  v e r i f y  t h e  modi- 
f i e d  numerical techniques developed i n  t h i s  i nves t iga t ion .  

RESULTS 
The displacement f r o n t s  a t  s e l e c t e d  va lues  of time f a c t o r ,  A t ,  of 

2, 4 ,  6 ,  10, 30, 50 and 7 0 1  f o r  t h r e e  d i f f e r e n t  g r i d  s i z e s  of 1.667, 
0.714 and 0.455 e a r e  shown i n  Figs. 3 (a ,  b ,  and c )  u s ing  l i n e a r ,  
c u r v i l i n e a r  and modified numerical t echniques  r e spec t ive ly .  1 repre-  
s e n t s  u n i t  l ength .  

2, 4 ,  6, 10, 30, 50 and determined us ing  l i n e a r ,  c u r v i l i n e a r  
and modified numerical technique a r e  shown i n  Figs. 4(a, b, and c )  
f o r  t h r e e  d i f f e r e n t  g r i d  s i z e s  of  1.667, 0.714 and 0 .4551 respec t ive-  

The displacement f r o n t s  a t  s e l e c t e d  va lues  of t i m e  f a c t o r ,  A t ,  of  

l y .  
Theore t ica l  displacement f r o n t s  o f  salt water i n  a t i l e - d r a i n d  

f i e l d  leached by ponded water  were determined, a t  4 ,  8, and 24 hrs .  
from start of  drainage. Resu l t s  were obtained us ing  s t reaml ines  with 
var ious  s t ream func t ion  va lues  us ing  t h e  modified numerical technique 
ou t l ined  e a r l i e r .  Resul t s  of t hese  numerical s o l u t i o n s  were compared 
t o  experimental displacement f r o n t s  measured by Fernandez (1967) and 
t o  t h e o r e t i c a l  displacement f r o n t s  ca l cu la t ed  by Luth in  (1969) as 
shown i n  Fig. 5. 

CONCLUSIONS 
From t h e  a n a l y s i s  of  t h e  r e s u l t s  of  t h i s  i n v e s t i g a t i o n ,  t h e  

fol lowing conclusions a r e  drawn : 
1 The modified and c u r v i l i n e a r  techniques f o r  t h e  de t enn ins t ion  of 
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the diaplacement fronts yield more accurate results in comparison 

with the results derived from the linear technique for relatively 
large grid siees in the meshwork enclosing the region of f low.  

mined using curvilinear.and modified numerical techniques are in- 
significant even for large grid sizes. However, the curvilinear 
numerical technique involves relatively more tedious numerical pro- 
ct3Qures;therefore the modified numerical technique is recommended 
for relatively large grid sizes in the meshwork. 

3 The accuracy of each of the numerical solutions developed in this 
investigation for the detennination of displacement front is in- 
creased as the grid size is reduced in the meshwork. Excessive 
reduction in the grid size do not necessarily lead to more accurate 
results unless adjustments are made leading to the improvement of 
the criterion for the termination of the interative solution of the 
laplace equation. Such adjustments, however, may lead to prohibi- 
tively long computer processing time. 

4 Comparison of the results of the modified numerical technique with 
experimental measurements by Fernando2 (ref. 3) l o r  f l o w  in a tile- 
drained field leached by ponded water verify the modified numeri- 
cal solution and indirectly the linear and curvilinear numerical 
solutions. 

2 Differences between the solutions for the displacement fronts deter- 
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FIG.( 2 )  Unconfind Fbw for a Tile-drained Field Leached by 

Ponded Water 
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