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ABSTRACT 

One of the first tasks in modeling groundwater quality problems is the simulation 

of the groundwater flow regime in an adequate way. The simulation of transport of con- 

taminants requires an accurate description of the velocity field. 

Rectangular finite elements with first order continuous Hermitian basis functions 

can be used for the calculation of potentials and velocities in two dimensional steady 

groundwater flow including inhomogeneities and anisotropy. However, the resulting ap- 

proximation is not accurate enough to describe the behaviour of the groundwater Do- 

tential in the vicinity of point sources and sinks. A much better aDproximation in 

these regions is obtained by extending the interpolation function for the groundwater 

potential with a basis function which shows a logarithmic behaviour in the vicinity 

of the wells. 

Results of this approach show a numerically calculated groundwater potential and 

velocity in the neighbourhood of the wells which are very close to the exact solution, 

even for distances from the wells which are small compared to the elementsize. 

INTRODUCTION 

Convective transport of contaminatns in groundwater in general plays an im.portant 

role in groundwater quality problems. As a consequence, the transport of contaminants 

in groundwater can only be simulated in an adequate way if the groundwater flow regime 

can be described with an acceptable degree of accuracy. 

The finite element method can be a very useful method for the solution of the equa- 

tions that describe the hydrological system and hence for the calculation of the 

groundwater flow field. In order to obtain a continuous qroundwater velocity over the 

domain considered, higher order elements have to be used. In the approach described in 

this paper, these elements are rectangular with first order continuous Hermitian basis 

functions. 

Problems, however, will occur in the vicinity of point sources and sinks, where the 

groundwater potential varies strongly over short distances. In general, the approxima- 
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t i o n  t o  t h e  groundwater p o t e n t i a l  i n  t h e s e  r eg ions  i s  n o t  a c c u r a t e  enough, u n l e s s  a 

very l a r g e  number o f  s m a l l  e lements  i s  used. Th i s  pape r  d e s c r i b e s  an a t t empt  t o  so lve  

t h i s  problem i n  an approximate way. For each w e l l  a f u n c t i o n ,  con ta in ing  one unknown 

c o e f f i c i e n t ,  i s  de f ined  t o  d e s c r i b e  t h e  groundwater p o t e n t i a l  i n  t h e  v i c i n i t y  of  t h e  

w e l l .  I n  t h e  f i n i t e  element fo rmula t ion  of  t h e  problem, t h e s e  w e l l  f u n c t i o n s  a r e  

t r e a t e d  a s  b a s i s  f u n c t i o n s ,  and t h e  unknown c o e f f i c i e n t s  are c a l c u l a t e d .  

THEORETICAL APPROACH 

L e t  u s  cons ide r  s t e a d y  groundwater flow i n  a semi-confined o r  confined a q u i f e r .  

T rea t ing  t h e  a q u i f e r  

ning equa t ion  can be 

a s  two-dimensional h o r i z o n t a l  with t r a n s m i s s i v i t y  T ,  t h e  gover- 

w r i t t e n  a s :  

where : 
2 

= t r a n s m i s s i v i t y  i n  x and y d i r e c t i o n  (m /d) Txxf Tyy 
h = groundwater p o t e n t i a l  (m) 

9 = r echa rge  (m/d) 

It has  been assumed t h a t  t h e  p r i n c i p a l  axes  of  t h e  t r a n s m i s s i v i t y  t e n s o r  co inc ide  with 

t h e  x and y d i r e c t i o n s .  

I n  most p r a c t i c a l  c a s e s  an approximate method has  t o  be used t o  so lve  equa t ion  (1) 

f o r  t he  groundwater p o t e n t i a l  h .  Whenever t h e  s o l u t i o n  t o  equa t ion  ( 1 )  i s  known, velo- 

c i t i e s  i n  x and y d i r e c t i o n s  can be c a l c u l a t e d  from Darcy 's  l a w :  

TXX ah 
X ned ax 

" = - - -  

where : 

= v e l o c i t i e s  i n  x and y d i r e c t i o n  (m/d) 
V Y r  vy 
"e = e f f e c t i v e  p o r o s i t y  

d = a q u i f e r  t h i c k n e s s  (m) 

The Galerkin f i n i t e  element method i s  a very u s e f u l  method t o  s o l v e  equa t ion  ( 1 )  

i n  an approximate way. The a p p l i c a t i o n  of  t h i s  method w i l l  n o t  be d i s c u s s e d  he re  i n  

d e t a i l  ( r e f .  1 ) .  The p o i n t  of  i n t e r e s t  i s  t h a t  an approximate s o l u t i o n  has  t o  be de- 

f i n e d  i n  t h e  form: 

N 
6 = 1 C . @ .  (x ,y )  

j=1 J J 

where : 

C .  = unknown c o e f f i c i e n t s  

0, = known b a s i s  f u n c t i o n s  
3 

( 3 )  

N = number o f  b a s i s  f u n c t i o n s  
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The unknown c o e f f i c i e n t s  C .  can than  be c a l c u l a t e d  and t h e  approximate s o l u t i o n  i s  

known i n  eve ry  p o i n t  o f  the domain considered.  
I 

BASIS FUNCTIONS 

Very o f t e n  t h e  b a s i s  f u n c t i o n s  0. are taken t o  va ry  l i n e a r  o r  q u a d r a t i c  ove r  t h e  
3 

elements  o f  t h e  f i n i t e  e lement  network, such t h a t  6 is  cont inuous over  the domain 

considered and t h e  c o e f f i c i e n t s  Cj are t h e  v a l u e s  o f  t h e  ap.proximate s o l u t i o n  i n  t h e  

nodal  p o i n t s .  I n  t h a t  case the d e r i v a t i v e s  o f  h wi th  r e s p e c t  t o  x and y w i l l  be  con- 

t i nuous  i n  an element ,  b u t  w i l l  show a jump across t h e  in t e re l emen t  boundaries.  I n  

o r d e r  t o  o b t a i n  a cont inuous v e l o c i t y  f i e l d ,  one can e i t h e r  use a smoothing or avera-  

g i n g  technique (e.g. r e f .  2 ,  3 )  or t u r n  t o  h i g h e r  o r d e r  b a s i s  func t ions  which w i l l  

r e s u l t  i n  cont inuous d e r i v a t i v e s  o f  h a t  t h e  i n t e r e l e m e n t  boundaries  (e.g.  r e f .  4 ) .  

The la t te r  approach h a s  been chosen h e r e  by app ly ing  r e c t a n g u l a r  e l emen t s  with f i r s t  

o r d e r  cont inuous Hermitian b a s i s  func t ions .  The unknown c o e f f i c i e n t s  C .  are i n  t h i s  

case given by h ,  ;i;;, 
3 ah ah and - a t  t h e  nodal  p o i n t s  ( r e f .  5 ) .  

Fig.  1 Elementshape i n  local coord ina te s .  

I n  a local coord ina te  system ( f i g .  1 )  

t h e  two-dimensional f i r s t  o r d e r  cont inuous 

Hermitian b a s i s  func t ions  are given by 

( r e f .  6 )  : 

2 2 1 
Hi1 = 16 5 0 ( 5  + c o )  (560-1) rl0(‘1+‘10) (‘1rl0-1) 

50,  ‘10 = t 1 

The i n t e r p o l a t i o n  func t ion  f o r  t h e  approximate s o l u t i o n  is given by: 

a h .  a h .  a26, 

j=l  a5  a n  scan 
(5 )  h = 4 -  E ( h j  H o o j  + - I H10. + H01, + H l l j )  

I f  t h e  element i n  t h e  g l o b a l  coord ina te  system i s  r e c t a n g u l a r ,  i t  can be shown ( r e f . 5 )  

t h a t  t h i s  i n t e r p o l a t i o n  func t ion  l e a d s  t o  cont inuous normal and t a n g e n t i a l  d e r i v a t i v e s  

of  h a t  t h e  i n t e r e l e m e n t  boundaries  and hence t o  a cont inuous v e l o c i t y  f i e l d ,  provided 

t h e  t r a n s m i s s i v i t i e s  (T T ) , e f f e c t i v e  p o r o s i t y  (n,) and t h e  aqu i f e r th i ckness  (d) 

are cont inuous.  
xx’ YY 

The t r ans fo rma t ion  from l o c a l  t o  g l o b a l  c o o r d i n a t e s  i s  a simple l i n e a r  one, and 
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consequenly the groundwater p o t e n t i a l  i n  e a c h  element  i s  approximated by a b i - cub ic  

polynomial i n  x and y. 

WELL FUNCTION 

I n  the v i c i n i t y  o f  p o i n t  sources and s i n k s ,  where t h e  groundwater p o t e n t i a l  va- 

ries s t r o n g l y  over s h o r t  d i s t a n c e s ,  a b i - cub ic  polynomial approximation i s  i n  g e n e r a l  

n o t  a c c u r a t e  enough, u n l e s s  a ve ry  l a r g e  number of  sma l l  e l emen t s  i s  used.  To over- 

come t h i s  problem one can e i t h e r  u se  an a n a l y t i c a l  s o l u t i o n  around t h e  w e l l  and couple  

this s o l u t i o n  t o  the f i n i t e  e lement  s o l u t i o n  i n  t h e  remaining par t  o f  t h e  domain ( r e f .  

2 ,  3 )  or  ex tend  t h e  i n t e r p o l a t i o n  f u n c t i o n  ( equa t ion  5) w i t h  a b a s i s  f u n c t i o n  t h a t  

d e s c r i b e s  t h e  behaviour  o f  6 i n  t h e  v i c i n i t y  of  the w e l l s  ( r e f .  7 ,  8 ) .  The la t ter  ap- 

proach has  been chosen h e r e .  

A w e l l  f u n c t i o n  F i s  d e f i n e d  f o r  a c i r c u l a r  r eg ion  wi th  r a d i u s  r around each 
W m 

J w e l l  and the i n t e r p o l a t i o n  f u n c t i o n  f o r  h i n  an element  c o n t a i n i n g  a w e l l  is w r i t t e n  

as: 

where c i s  an unknown c o e f f i c i e n t  which h a s  t o  be c a l c u l a t e d .  For  r easons  of c o n t i -  

n u i t y  Fw has  t o  f u l f i l  two requirements:  

Fw = 0 a t  r = rm, which means t h a t  h i s  cont inuous a t  r = r 
- 

m 

ah ai; 
ax a Y  

apw aFw = 0 and - = 0 a t  r = rm, which means t h a t  bo th  - and - are cont inuous a t  - 
ax aY 

=O 

W 
r < r  

r>r  m 

The shape o f  t h i s  w e l l  f u n c t i o n  is 

given i n  f i g .  2 .  

I n  o r d e r  t o  l i m i t  t h e  amount of  

work t h a t  has  to be done, t h e  re- 

gion ove r  which F i s  nonzero 

(hence t h e  cho ice  o f  rm) should be 
W 
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such t h a t  t h i s  region l ies  completely within one element. 

EXAMPLES 

Two examples are given here  t o  compare numerical r e s u l t s  with e x i s t i n g  a n a l y t i c a l  

so lu t ions .  In  the  f i r s t  example groundwater i s  abs t rac ted  from a semi-confined homo- 

geneous, i s o t r o p i c  aqui fe r  through a s i n g l e  w e l l .  The model a rea  i s  square (10 000 x 

10 000 m 1 and together  with the  p o s i t i o n  of the  nodal po in ts  and the abs t rac t ion  

p o i n t  i s  shown i n  f i g .  3. 

2 

Fig. 3. Modelarea f o r  example 1. 

L EXAYPLE 1 

The re levant  p r o p e r t i e s  f o r  t h i s  example a r e  as follows: 

t ransmiss iv i ty  T = 1000 m /d ,  

e f f e c t i v e  p o r o s i t y  ne = 0.25, 

a b s t r a c t i o n  rate Q = 3000 m3/d and w e l l  radius  rw = 0.15 m 
A f ixed p o t e n t i a l  i s  maintained on the  boundary. For these proper t ies  the a r e a l  ex- 

t e n t  of the aqui fe r  can be considered i n f i n i t e  and t h e  numerical r e s u l t s  can be com- 

pared t o  a simple a n a l y t i c a l  so lu t ion  ( r e f .  9 ) .  Fig. 4 shows a comparison of the ana- 

l y t i c a l  and numerical ca lcu la ted  v e l o c i t i e s  towards the  well. 

aqui fe r  thickness  d = 100 m ,  

confining layer  7 = 1000 d ,  

2 

d '  
k 

VR (MlD) 
14 
--I 

R (M) 

- ANALYTICAL SOLUTION 

..*..* NUMERICAL SOLUTION 

Fig. 4 Velocity of a 

waterpar t ic le  towards 

the  w e l l  vs. dis tance 

from the  w e l l  

The so lu t ions  compare 

very wel l ,  even f o r  d i s -  

tances from the  w e l l  a s  

small as 2 m. Residence 

times, i . e .  the  t i m e  it 

takes a water p a r t i c l e  

a t  d i s tance  r from the 

w e l l  t o  reach the wel l ,  

have a l s o  been calcula- 

ted.  Fig. 5 shows a 

comparison of the analy- 
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t i c a l  and numerical r e s u l t s .  

Fig. 5 

Residence t i m e s  vs. 

distance from the  well 

e 
0 lm 1.0 L 1.0 Im Ih.3 Ih4a 13.0 13.0 I 

T l D l  *?O' 

ANALYTICAL SOLUTION 

.... NUMERICAL SOLUTION 

- 

In example 2 groundwater i s  abs t rac ted  from a homogeneous, i s o t r o p i c  a q u i f e r  through 

two wel ls .  The model area is  square (10 000 x 10 000 m ) and i s  shown, toge ther  with 

the pos i t ion  of the nodal po in ts  and the  abs t rac t ion  poin ts  i n  f i g .  6. 

2 

-.--.-I-.-. -.- . . . . . . .  /r 
I . . . . . . . .  

/ .  . . . . . .  
t i o n  can be formulated f o r  t h i s  pro- EXAMPLE 2 

blem. Fig. 7 shows a comparison of the a n a l y t i c a l  and numerical s o l u t i o n  f o r  t h e  

groundwater po ten t ica l  along cross-sect ion A - A ' .  

Fig. 6 .  Model a rea  f o r  example 2 

The aqui fe r  i s  recharged a t  a con- 

s t a n t  r a t e  of 0.0002 m/d. Abstraction 

r a t e s  a re  Q, = 8 OOOm3/d and Q2 = 
1 2  000 m 3 /d. The aqui fe r  proper t ies  

and boundary condi t ions a re  the same 

a s  f o r  example 1. An a n a l y t i c a l  solu- 

I111 
- LM&LVlICAL 
...... M W E I I C A L  

Fig. 7 .  Groundwater p o t e n t i a l  along cross-sect ion A-A' 
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Fig .  8 and 9 give tFie same comparison along t h e  same cross-section f o r  a s m a l l  r eg ion  

around the wells. 

XIM) 
- ANALVTICAL 
.*.*-.NUMERICAL 

1 
Fig .  8 Groundwater p o t e n t i a l  a long  c r o s s - s e c t i o n  A-A' 

F ig .  9 .  Groundwater p o t e n t i a l  a l o n g  c r o s s - s e c t i o n  A-A' 

I PHIIM) 

- 5 5  

9.L 

- I 0  -I 

X IM)  
- ANALYTICAL ...... NUMERICAL 1 

C l e a r l y ,  t h e  a n a l y t i c a l  and numer ica l  r e s u l t s  compare ve ry  w e l l ,  even  f o r  d i s t a n c e s  

from t h e  w e l l s  as s m a l l  a s  3 m ,  b e a r i n g  i n  mind t h a t  t h e  e l emen t  s i z e  i s  1 000 x 1 000 

m2. 

CONCLUSION 

The t w o  examples g iven  show, t h a t  t h e  groundwater p o t e n t i a l  and v e l o c i t y  i n  two- 

d imens iona l  s t e a d y  groundwater flow can ve ry  w e l l  be  approximated by u s i n g  r ec t angu la r  

f i n i t e  e l emen t s  w i t h  f i r s t  o r d e r  cont inuous  H e r m i t i a n  b a s i s  f u n c t i o n s  i n  combination 

wi th  a w e l l  f u n c t i o n  t o  d e s c r i b e  t h e  behaviour  o f  t h e  groundwater p o t e n t i a l  i n  t h e  v i -  

c i n i t y  of a w e l l .  R e s u l t s  compare very  w e l l  w i th  a n a l y t i c a l  s o l u t i o n s ,  even f o r  d i s -  
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tances f r o m  the w e l l s  which are very small  comDared t o  t h e  element s i z e .  

Due t o  the  nature  of  the  w e l l  funct ion,  the  amount of work t h a t  has  t o  be done t o  

evaluate  i n t e g r a l s  a r i s i n g  from the Galerkin formulation of the  problem, increases .  

This increase i s  i n  general  not  too  ser ious  because the number of w e l l s  i s  usua l ly  

l imited.  
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