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MATHEMATICAL CONCEPTUAL MODELLING AND SIMULATION OF MIGRATION PRO- 
CESSES IN SOIL WATER ZONES 

L. LUCKNER and C. NITSCHE 
Technische Universitat Dresden, Sektion Wasserwesen, Dresden GDR 

Migration models f o r  the unaaturated eoil water zone are of great 
importance not only for the control of the industrial cropproduction 
but a l s o  for the protection o f  groundwater ressourcea against conta- 
minants. System describing models are used in the GDR most at all 
to investigate migration processes by simultanous measuring and 
theoretical analysing and naturally to formulate and to adjust 
conceptual block models. 

MATHEMATICAL CONCEPTUAL MODELLIXG 
Flow Model 
We use for homogeneous s o i l s  the eq. (1) 

ah = c - + aet a'h ak ah 
at 

+ - -  a ah 
~ ( k z )  = k -  az2  az az 

with h =%+ z = z - and c = aw/ah~z-consf 

and for infiltration processes in very dry soils eq. (2) 

The model of the specific evapotranspiration rate set has the form 
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For the potential evapotranspiration PET we use the model from 
T u r c 
stant rates from November to April /2/. For the function f (z) we 

use /1/ 

/2/ in the summer periode (from May to October) and con- 

( 4 )  wifh 1, c 2, -1  c ( Z Z *  - L )  + L  
f (2 . j  = 

1 2  
L 

z *  - depth under the soil surface 
and f o r  the reduction function r (w)  /2/ 

(4,4 - pF)/fl f o r  PF z 4,4 - f i  
for 1,7fpFs4,4 -0 

PET in m/s 

r (w) = 1 o 
l0:o fo r  pF 1,7 

wlthj3wO.2 PET in -/day w 2 
(fiis here undimenaioned; pF = log ( y in cm) ) 

(5) 

Quality Model 
For the water quality model we use eq. (6) 

a I Cim (nlm + k c ) )  + ( - A )  
I I ,  " " at 0 -  

Transportation process storage process exchange external 
between transfer 
the phases ( 6 6 )  

( 6a)  

+ C,,,, aef 

A s  shown in figure 1 this model describes the migration of pollu- 
tants in the mobile (6a) and in the immobile phaee (6b) of soil 
water. The tranaportation (hydrodynamic dispersion and convection) 
is only considered in the mobile liquid phase. Between the liquid 
and solid phase we assume two equilibrium reactions, so that we 
can regard the storage capacity of the mobile liquid phase as the 
aumme of (n,,, + k3) and of the immobile liquid phase as (nim + k4). 
The coefficients k - iso- 
therme), proportional to Cq" ( F r e u n d 1 i c h - isotherme) 
and eo on / I / .  We normally describe the exchange process between 
the mobile and the immobile liquid phase ( 2  - A )  by first-order 

reactions, especially by reversible lineare or nonlineare reactions 
and also by bilineare reversible reactions / l / .  Last not least we 

aesume, that the evapotranspiration takes place only from the imino- 
6 i l e  sodl w a t e r  @&He. 

and k4 may be constant ( H e n r y 3 



pot e n  liol 

/ p \  
5 / C A  S/Ipc)-@ 

( p - c  in the 
~iquid phase) 

matler - heat - 
transport 

C A  = k3 C A =  k4 

CA - n,- k5 

b )  C) 

rock interface: 
(solid phase) - rock-mob. liquid phase 

mobile liquid phase rock-immob. liquid phase 

immobile liquid - 0 -  immob. liquid ph.-mob. 
phase with blockated liq. ph. 
air ---- fictive interface in the 

symbol of the transportation process internal of the ph. 
symbol of the storage process internal of the phase 

symbol of the exchange process between two phases 

Fig. 1:  First steps of the modelling of migration processes 

solid phase 

+- 
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AMALYTICAL SOLU!l?IOET AmD NUMEXICAL UTILIZATION 
Analytical Solution 
With the restriction, that 

- vz, %, k,, k2,. k3, nim and k4 are constant in space and time, 
- the exchange process between the parts of the soil water 
follows the mathematical model of a lineare reaction of first 
order with constant velocity rates k, and k2, 

- the internal conversion is not considered and 
- the evapotranspiration is neglected 

we get from eq. (61 eq. (7). 

+ k1 Cm - k2 C m  aCm - vz - = ( n , + k , )  - azc, 
a z 2  az a t  D- 

ac;" 
at 0 - (n;,,,t k o  ) - - k ,Cm + kz C i m  

with the boundary conditions 

Cm ( z , t  1 = O  

cm f 2 , O )  = c,m ('?,(I) = Cmn 

lim 
z-00 

we found the aolution /4/: 

C J J , T )  = c ,  * ( J , T ) + C ;  ( f , T )  +C; (-j, T I  
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with the undimensioned parameters 

The analytical solutions from van 
W i e r e n g a 
K 1 u t e 
k4 = 0. 
Of coarse the math, strukture of eq. (7) does’nt depend on the 
value of k4 but our analytical solution (9) with (10) and (11) 

gave us better numerical possibilities for a faster computer pro- 
gram as the analytical solution of C a m e r o n and K 1 u t e . 

G e n u c-h t e n -  and 
/7/ as well as from C a m e r o n and 

/8/ are special cases for kl  = k2 respectivly for 

Numerical Utilization of the Analytical Solution 
For the numerical utilization of eq. (9) we wrote FORTRAN program 
ALSUB 3. We applied the procedure of R u n g e - K u t t a - 
F e h 1 b e r g of fourth order for the integration of the 
function g ( f ,  t) in connection with a minimum limitation. The 
average computer time consumtion amounted to about 30 seconds CPU 
using computer BESM-6 for each example. 
The computer tests gave us a very good coincidence with a computer 
program based of the analytical solution of van G e n u c h t e n 
and W i e r e n g a 
the analytical solution of C a m e r o n and K 1 u t e 
for k4 = 0. 
Fig. 2 shows results, received with our program ALSUB 3 .  
It demonstrates the sensibility of the break-through curves in 

k3, nim and k respectively 4 connection with the parameters kl, k2, 

Of course we can expand the possibilities of the utilization of 

the analytical solution (9)  by means of the convolution procedure 
for problem with a time variable boundary condition, 
The solution (9)  last not least posses also a great importance 
for checking various digital solutions, 

for kl = k2 as well as a program based of 

%* 
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1.0 

0.5 

2 4 6 8 1 0 1  

= 2.00 
* 0.50 - 0.05 

4 i  

a :  influence of k,=k2 with k3 -426, b :  influence of k7 with kz-0.15,k~-026, 

k4 -429 , ks -420 , nm=Q20 

c" 
k4 -Q29 I k5 -420 , nm=Q20 

A C *  ,i ki  =&OO 
1.0 -- k3 - 0,OO 

-.-.+.-c.- k 2 - - w5 

Q5 -- 

* 
2 4 6 8 1 0 T  2 4 6 8 10 T 

C: h f h e n c e  of kz with kl=Q15, k3 4 2 6 ,  d :  influence of k3 with k7=kz  = 415 , 
kh -a29 , k5 =Q20 , n,= 420 k4 = 029 , k5 =Q20 , nm- 420 

7.0 

0.5 

e:  ;nfluence of k4  with k l  =k2-475 , f: ihfluence of k5  and n, with 
k3 =Q26 , k5 - 0.20 , nm- 420 ki=kz=Q75 , kg'0.26 , k 4 - 4 2 9  

Fig. 2 : Break - through curves for various parameters k l  , kz I k3 , njm I 

k4 respectively n, . For all eremples is applied: 
V Z =  lOcm/d ; L - 3 O c m ;  $ = L O  j 9 - 6 ~ ~  =6crn2 /d  
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DIGITAL SIMULATION 

Discretisation of the Flow Model 
We recommend for eq. (1) the predictor-corrector scheme of 

D o u g l a s  and J o n e s  /5/: 

and for eq. (2) 

Discritisation of the Quality Nodel 
We also recommend for the discretisation of eq. ( 6 )  the predictor- 
corrector scheme from D o u g 1 a s and J o n e s / 5 / :  

predictor step : 

corrector step : 

A 2  
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We used other methods, too /l/, especially 
- the method of characteristics (MOC) and 
- the method from S t o y a n / 6 / .  

Rumerical Tests 
The numerical testa were carried out with our FORTRAN - program 
AERGUE containing the simultaneous solution of the mathematical 
models (15) or (16) and (17). 

Fig. 3 shows the results which we got with this computer program 
in comparison with our program ALSUB 3 utilizing the analytical 
solution (9) - see also Fig. 3. 

Comparison between analyt ical 

and numerical soluf ion 

---- numerical solution for  Pe - 7.0 
- ana[yfical solution 

5 10 

LABORATORY TESTS 
For these tests we used columns with a length of 1.20 m and a dia- 
meter of 0.20 m. For example Ca - 45 of a CaC12 - solution was used 
as migrant. The water content w in the column was discovered by 
means of a f -  ray measurement. In additional tensiometers are used 

for the measurement o f y .  At that time we try to calibrate the 
parameters of the used mathematical model by solviry; the inverse 
problem. 
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