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MATHEMATICAL CONCEPTUAL MODELLING AND SIMULATION OF MIGRATION PRO-
CESSES IN SOIL WATER ZONES

L. LUCKNER and C, NITSCHE
Technische Universitédt Dresden, Sektion Wasserwesen, Dresden GDR

Migration models for the ungaturated soil water zone are of great
importance not only for the control of the industrial cropproduction
but also for the protection of groundwater ressources against conta-
minants., System describing models are used in the GDR most at all

to investigate migration procegses by simultanous measuring and
theoretical analysing and naturally to formulate and to adjust
conceptual block models.

MATHEMATICAL CONCEPTUAL MODELLING

Flow Model

We use for homogeneous soils the eq. (1)
a 2h

*a;(ka—z) = k

2
Bh o, kO _ B g ()

with h =%+ 2 =z - ¥ and c = dwfom|,

and for infiltration processes in very dry soils eq. (2)
a2

28 6 = Fu) Yy get (2)

Y
with U= [ k(p)dyp j AU =c¥) /k(y)
4
and G(U) = dk(p) /(k(y)dy).

The model of the specific evapotranspiration rate aet has the form

aet = PET -r(w) -f(z). (3)
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Por the potential evapotranspiration PET we ume the model from
Turc /2/ in the summer periode (from May to October) and con-
stant rates from November to April /2/. For the function f (z) we
use /1/

flz*) =

c( Zz”[;L) +L with 1z2c2 -1 (4)
z* - depth under the soil surface
and for the reduction function r (w) /2/
(4,4 - pF)/13 for pF > 4,4 - 13
r (w) ={1,0 for 1,7T=pF=4,4 -  (5)
0,0 for pF < 1,7
with #~0.2 PET in mm/day ~ 2 - 10~° PET in m/s
(348 here undimensioned; pF = log ( v in cm) )

Quality Model
For the water quality model we use eq. (6)

3 Crm, Crm _ 3 (Cm (Pm +k3))
& (6v 5.7 % 57 - 5 — (Z-A) (6a)
O _ a(ern(nim’k/.)) + (Z*A) + Cim ae{

— . s at /- v
Vv

—Vv g

Transportation process gtorage process exchange external
between transfer
the phases (6b)

As shown in figure 1 this model describes the migration of pollu-
tants in the mobile (6a) and in the immobile phase (6b) of soil
water. The transportation (hydrodynamic dispersion and convection)
is only considered in the mobile liquid phase. Between the liquid
and go0lid phase we assume two equilibrium reactions, so that we

can regard the storage capacity of the mobile liquid phase as the
sumnme of (nm + k3) and of the immobile liquid phase as (nim + k4).
The coefficients k., and k, may be constant ( Henr y - isgo-
therme), proportional to ¢3™' (FPreundlich = isotherme)
and o on /1/. We normally describe the exchange process between
the mobile and the immobile liquid phase (Z - A) by first-order
reactions, egpecially by reversible lineare or nonlineare reactions
and also by bilineare reversible reactions /1/. Lagt not least we
agsume, that the evapotranspiration takes place only from the immo-
01Ze g0ill water phase.



A

tial
" potentia
p
5 SICA  S/(50)-
A A (P=C in the
liquid phase)
A A matter - heat -
transport
a)
=0
" — !
Pp i Fop

T e R T

7 =0
b) )

rock interface:
(solid phase) —— rock-~mob. liquid phase
mobile liquid phase ——--~ rock-immob, liquid phase
immobile ligquid —.— immob, liquid ph.-mob.
phase with blockated liq. ph.
air ——-- fictive interface in the

golid phase
—s0-= Symbol of the transportation process internal of the ph.
—J}— symbol of the storage process internal of the phase

gymbol of the exchange process between two phases

Fige. 1: First steps of the modelling of migration processes
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ANALYTICAL SOLUTION AND NUMERICAL UTILIZATION
Analytical Solution
With the restriction, that
= Vg N k1, k2, kj, Bin and k4 are constant in space and time,
- the exchange process between the parts of the soil water
follows the mathematical model of a lineare reaction of first
order with constant velocity rates k1 and k2,
- the internal conversion is not considered and
- the evapotranspiration is neglected
we get from eq. (6) eq. (7).

2
89Cm _ Vz oCm _ (P +ks ) a#n + kqCm — k; Cim
9z? oz ot
(7)
) aCim .
0 o (n,,,,+/‘,,) T —l<.,Cm+l<zClm
with the boundary conditions
¢ Q=t=st
lim (V ¢ _Dacm ) — Ya tmax ’ (8a)
z —=0t z=m 8z 0 tzt1
D o (z,6) =0 (86)
Z—=o0
Cm (2,0) =C//r; (2,0) = Cm,n (BC)
we found the solution /4/:
G (F.T) = Cf (F,T)+C3(F,T)+C5 (£, T) (9)
VTR
cr T —72—_3— fep (283-K,T) [ 77 L9 ORTOE (1)
¥ 0
G 5.1 == g ep (287K, T) T TR geg0f (T ot (105)
0
Cr(f,7) = |=C(f,T-H)—C (§, T-T,)  fir T=T, (10c)

0 fur OsT‘T1
fo(F () = j'“* I, (4t Bk Ko Vhy (B)dr | T=T-Ft? j B=T-v (1)

T =0
f, (T¢) =JT=* I, 4ty/BK Ky T Jhy (B)dT +Dglp (4t YBK Ky T ) (1b)
T=0

hy (T) = (DT D, exp (KT)+ 113—3K3 exp-(7—’f}(—3 7)1 P (T) = (2, TeDs)exp(KT)+

g(f’() = EXP(—- 2

K1
S -ptt) o) 5o o (g T)
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with the undimensioned parameters

* Crmn =~ Crmin b4 vz L _ k3 — ke
Cm Cmax ~Cmin st— 8= 4D K3—n_rn Kl'— Pm
- Dim - L o kel -t - Lrm
Ks Pm K1 vz K vz (Pim *tk,) T LPm $= ¢ vz
2

Dyome K 2K Ky +(1+K3) KS P Kk

! (Kq + {1+ K3)Kp) 2 (Ky+(1+K3)K,) 2 3 (K + Ky (1+K3))2
D, = 48, D5 = 48K +4BD, J=4Bly Dy =-4B 27 4B(BK ki (1046)) ()

The analytical solutions from van
/7/ as well as from
/8/ are apecial cases for ky

Wierenga
Klute
k4=0¢

G-II‘B (”Kg)
Genuchten

Cameron
k2 regpectivly for

and
and

Of coarge the math, strukture of eq. (7) does'nt depend on the
value of k4 but our analytical solution (9) with (10) and (11)

gave us better numerical poss
gram ag the analytical soluti

Numerical Utilization of the

ibilities for a faster computer pro-

on of Cameron and Klute.

Analytical Solution

For the numerical utilization of eq. (9) we wrote FORTRAN program

ALSUB 3. We applied the proce
Fehlberg of fourth o
function g (¥, t) in connecti
average computer time consumt

dure of Runge Kut +ta
rder for the integration of the

on with a minimum limitation. The
ion amounted to about 30 seconds CPU

using computer BESM-6 for each example.

The computer tests gave us a
program bagsed of the analytic
and Wierenga for k
the analytical solution of
for k4 = 0.

Fig., 2 ghows results, receive
It demonsirates the sengibili
connection with the parameter
n .

Of course we can expand the p
the analytical solution (9) b
for problems with a time vari
The solution (9) last not lea
for checking various digital

very good coincidence with a computer
al solution of van Genuchten
= k2 as well as a program based of

and Klute

1
Cameron

d with our program ALSUB 3.
ty of the break-through curves in
and k4 reapectively

5 kyy kpy kg3 myy

osgibilities of the utilization of

v means of the convolution procedure
able boundary condition.

st posses also a great importance
solutions.
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Lo
10 + k1‘kz ’2,00
’ ) < ki=k; = 0,50
’,/ ky=k; =0,05
005 T

2 6 8 10 T
a: influence of ky=k; with k3 =026,
ky =029 , ks =020 |, Np,=Q20

+~+

»
jc kp = 2,00
0T k; = 0,50
ek = 005
o5 1

2 4 6 8 10 T
C: influence of ky with k;=015, k3=0,26 ,
ky =Q29 , ks =020 , npy=020

2 4 6 8 10 T

e: influence of Ky with Kky=k;=Q15 ,
k3 =026 , ks =020 , Nm= G20

Fig. 2 :

ky respectively Mgy, .

Vz=10cm/d

jc*
101+
] U = k1 =005
;
/
IJ _v". k-] - Q50
051 el
| ",-"
[~
7 kq=2,00
s e

2 4 6 & 10 T
b: influence of ky with k; =015, k3=026,
ki =029 , ks =Q20 |, Pm=0Q20

jc”
1.0 1 k3 = 0,00
I s ky =026
et e =0,52
r(o‘(‘t'r. k3
v’ v
r’ s
4 1’ /
BT 4 1
oy
I
!y
/
‘l :“ { : 4 L i —

2 4 6 8 10 T
d: influence of k3 with ky=k, =Q15 ,
Ko =029 , ks =Q20 , Nm=020

C »
wT ks =010 ; 7p=430
e ks =020 0,19
T e s =030, =0,10
14 Ny =1
a5t / o

7 4 6 8 m 7
f: influence of ks and Nm with
k1=ky=Q15 | k3=0,26 | ky=Q29

Break - through curves for various parameters kq  ka Kz Nim
For all exemples is applied:

iL=30cm j $=10;D=08v =6cm?/d
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DIGITAL SIMULATION

Discretisation of the Flow Model

We recommend for eq. (1) the predictor-corrector scheme of
Douglas and Jones /5/:

¢ t+at/2 ¢

2, teatl2 ¢ t ¢ c; hj — h; ¢
vih +(1/k; ) vk; Vh; -"E‘T'-—Mﬁ;*ach (15a)
2, ¢ ¢t +at 1 trat/2 t+at/2
05v:(h; +h; )+(W2)vk; v h; =
C‘f*Af/Z h."A‘/Z_ h,t t*Af/z (15b)
= —gatzz + aet;
ki at
and for eq. (2)
{¢Al/2 t
t+at/2 ¢ ¢ ¢ i - U; t
v’y —6 vU; =F ———Q7—— *aet (16a)
teat t
+at teat/2 at/2 teat’2 Uy T -U; t+at/2
05w (Uf + U ) =6 e Ut = T o + e (16b)

Discritisation of the Quality Model
We also recommend for the discretisation of eq. (6) the predictor-
corrector acheme from Douglas and Jones /5/:

predictor step :
trat/2 t
t Clim,i = Cim.i k t
(ky +ks) %z—m_l +[C,‘m %f —(Z-A) ~Cim aef] =0
i

¢ t+at/2 t+at/? t t+al/2 t+at/2
Di, i Cig  —Ci ii-1 G -Cia _
Az AZ Az Az
trat/2 t
t Ci -(; CII*T ~Cia anm
=(n SR, +Ci +(Z-A)
( m *kj) A‘ /z [ ] 2 Az ! at

corrector step :

ot ¢t +al C‘ trat/2
il . < Cim k
(key +ks) —ﬂ‘—'AT—”P’—' + [C,‘m —T5-—(Z-A)-C,'m aet] =0
i
trat/2 ¢+at ¢ t»at ¢
’Di,iol .(C/q *C,‘q)/z —(C,' + C; )/2 : (17)

az
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We used other methods, too /1/, especially
- the method of characteristics (MOC) and
- the method from St oyan /6/.

Numerical Tests

The numerical tests were carried out with our FORTRAN -~ program
AERGUE containing the simultaneous solution of the mathematical
models (15) or (16) and (17),

Fig. 3 shows the results which we got with this computer program
in comparison with our program ALSUB 3 utilizing the analytical
solution (9) -~ see also Fig. 3.

w0dcC”
=== Fig. 3
/ .
/7 Comparisorn between analytical
[/ . .
o5+ | and numerijcal solution
! ———— numerical solution for Pe =10
I v ‘
I analytical solution
y
bt ¢ [ d]

5 10
LABORATORY TESTS

Por these tests we used columns with a length of 1.20 m and a dia-
meter of 0.20 m. For example Ca -~ 45 of a CaC12 ~ golution was used
as migrant, The water content w in the column was discovered by
means of a y- ray measurement. In additional tensiometers are used
for the measurement of v. At that time we try to calibrate the
parameters of the used mathematical model by solving the inverse

problem.
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