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ABSTRACT 

A q u i f e r s  are e s s e n t i a l l y  inhomogeneous due t o  t h e  way they  w e r e  formed. For i n s t a n c e  

r i v e r  d e p o s i t i o n s  a r e  b u i l t  up o u t  o f  s andba r s  and s a n d r i p p l e s  which may be i n t e r -  

c a l a t e d  wi th  s i l t  o r  c l a y  l a y e r s .  For t h a t  r eason  t h e  main parameter  o f  groundwater 

f low,  t h e  h y d r a u l i c  p e r m e a b i l i t y  i s  i n  g e n e r a l  n o t  c o r r e c t l y  d e s c r i b e d  by i t s  mean 

va lue  b u t  should  be c h a r a c t e r i z e d  by two s t o c h a s t i c a l  f u n c t i o n s .  The f i r s t  i s  t h e  

f requency  d i s t r i b u t i o n ,  independent  o f  t h e  p l a c e  i n  t h e  a q u i f e r  and t h e  second i s  t h e  

a u t o c o r r e l a t i o n  f u n c t i o n  i n  space .  These s t o c h a s t i c a l  p r o p e r t i e s  of t h e  pe rmeab i l i t y  

may have an impor t an t  i n f l u e n c e  on t h e  c h a r a c t e r i s t i c s  o f  groundwater flow through an 

a q u i  f e r . 
For t h e  main c h a r a c t e r i s t i c s  o f  groundwater f low sets o f  s t o c h a s t i c  d i f f e r e n t i a l  

e q u a t i o n s  are d e r i v e d  c o n t a i n i n g  t h e i r  au to -  and c r o s s c o r r e l a t i o n  f u n c t i o n s  a s  

v a r i a b l e s .  

INTRODUCTION 

D e t e r m i n i s t i c  models a r e  commonly used f o r  t h e  c a l c u l a t i o n  o f  qroundwater flow. One 

o f  t h e  assumpt ions  f o r  t h e s e  c a l c u l a t i o n s  i s ,  t h a t  t h e  h y d r a u l i c  p r o p e r t i e s  of t h e  

g e o l o g i c  format ion  i n  which t h e  f low t a k e s  p l a c e  can  be regarded  as c o n s t a n t  over  some 

d i s t a n c e .  

The v a l i d i t y  of t h i s  assumption i n  case  o f  an un-consol ida ted  sed imentary  s t r u c t u r e  

i s  i n f l u e n c e d  i n  two r e s p e c t s  by t h e  g e o l o g i c  way t h e  a q u i f e r  was formed: h o r i z o n t a l  

l a y e r i n g  c o n s i s t i n g  of s a n d r i p p l e s ,  c r o s s  beddings  and l a r g e r  s t r u c t u r e s  and t h e  

f i n i t e  h o r i z o n t a l  e x t e n s i o n  of t h e s e  s t r u c t u r e s  ( r e f .  1 ) .  T h i s  paDer on ly  d e a l s  with 

t h e  l a s t  a s p e c t .  Regarding t h e  manner i n  which a sedementary a q u i f e r  w a s  formed one 

may d e s c r i b e  t h e  p e r m e a b i l i t y  i n  a s t o c h a s t i c a l  way. T h i s  s t o c h a s t i c a l  d e s c r i p t i o n  

uses  t w o  f u n c t i o n s :  F i r s t  t h e  f requency  d i s t r i b u t i o n  e x p r e s s i n g  f o r  a range o f  va lues  

t h e  chance f i n d i n g ,  by means of a f i e l d  t e s t ,  a s p e c i f i c  sma l l  range o f  va lues  (no t  

t a k i n g  i n t o  account  measuring errors!) and second t h e  a u t o c o r r e l a t i o n  func t ion  i n  

space .  T h i s  i s  a f u n c t i o n  o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  o f  p e r m e a b i l i t y  va lues ,  found 

i n  f i e l d  tes ts ,  wi th  t h e  d i s t a n c e  between t h e  t e s t  s i tes .  Concerning t h e  frequency 
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d i s t r i b u t i o n  of t h e  p e r m e a b i l i t y ,  many i n d i c a t i o n s  i n  l i t e r a t u r e  can be found (ref. 2 

and 3 )  t h a t  t h e  loga r i thm o f  t h e  p e r m e a b i l i t y  has  a Gauss f requency d i s t r i b u t i o n  ( i s  

normally d i s t r i b u t e d ) .  According t o  Whi t t l e  ( r e f .  4 )  f o r  a two dimensional  au tocor -  

r e l a t i o n  f u n c t i o n ,  p re fe rence  should be given t o  b c  K ( b c  ) i n  which b i s  a c o n s t a n t  

t o  be determined i n  t h e  f i e l d ,  

is  a modified B e s s e l  f unc t ion  of  t h e  second k i n d ,  of  t h e  f i r s t  o r d e r .  

1 
5 i s  t h e  r e l a t i v e  d i s t a n c e  i n  t h e  f i e l d  and Kl(--) 

In  t h e  fol lowing a s e t  of  d i f f e r e n t i a l  equa t ions  w i l l  be de r ived ,  w i th  t h e  auto-  and 

c r o s s c o r r e l a t i o n  f u n c t i o n s  o f  t h e  drawdown of t h e  groundwater and t h e  loga r i thm h ( k )  

of t h e  pe rmeab i l i t y  a s  v a r i a b l e s  f o r  a p a r t i c u l a r  ca se  of  groundwater flow: t w o  dimen- 

s i o n a l  h o r i z o n t a l  f low of  groundwater towards a w e l l  i n  a confined a q u i f e r  w i th  re- 

plenishment  a t  a f a i r  d i s t a n c e  R from t h e  w e l l .  Th i s  a q u i f e r  i s  regarded t o  be  phy- 

s i c a l l y  and s t a t i s t i c a l l y  i s o t r o p i c  and homogeneous. For t h i s  reason p o i n t s  of  equa l  

Fig.  1 .  C i r c u l a r  set  of p o i n t s  of  e q u a l  a u t o c o r r e l a t i o n  o f  t h e  p e r m e a b i l i t y  t o  a 

c e r t a i n  p o i n t  i n  a c i r c u l a r  a q u i f e r .  

a u t o c o r r e l a t i o n  t o  a c e r t a i n  chosen p o i n t  form a c i r c l e ,  a s  is  shown i n  f i g .  1 .  The 

r e l a t i o n  i n  t h i s  f i g u r e  between 5, r ,  r ’  and a i s  t h e  fo l lowing ,  according t o  t h e  

cos ine  r u l e :  r I 2  + r 2  - 2rr’cosa=<’. 

DERIVATION OF THE AUTOCORRELATION FUNCTION OF THE DRAWDOWN OF THE GROUNDWATER. 

The w e l l  flow t akes  p l a c e  i n  a medium of  which the pe rmeab i l i t y  i s  regarded to  be a 

s t o c h a s t i c  v a r i a b l e ,  with an a r e a l  a u t o c o r r e l a t i o n  func t ion .  I t  can consequent ly  be 

expected,  t h a t  t h e  w e l l  flow w i l l  have a s t a t i s t i c a l  v a r i a t i o n  around i t s  mean conduct.  

The s t o c h a s t i c  p r o p e r t i e s  of  t h e  c h a r a c t e r i s t i c s  of t h e  w e l l  f low can be expressed i n  

their auto-  and c r o s s c o r r e l a t i o n  f u n c t i o n s .  For t h e  drawdown o f  t he  groundwater $ t h e  

fol lowing d e r i v a t i o n  can be made: Con t inu i ty  equa t ion  and Darcy’s Law g ive :  
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In which: 

$ = drawdown of the groundwater {L} 

k = hor izonta l  permeabi l i ty  { L T - ~  1 

e = angular coordinate I- 1 
r = r a d i a l  d i s tance  from the  well{ L} 

Using - 'ink (1) becomes, with f = l n ( k )  
k 6x 6X 

Arriving a t  t h i s  po in t  the  conception of t h e  per turba t ion ,  which means a small devia- 

t i o n  from the mean value of a var iab le  i s  introduced. Further  neglect ing second order  

terms of per turba t ions  r e s t r i c t s  appl ica t ions  of  the  r e s u l t s  of this der ivat ion t o  

s i t u a t i o n s  i n  which the s tandard devia t ion  of f = I n  k is small ,  p referab ly  smaller 

than 0.2, b u t  a t  most 1 ( r e f .  5 ) .  Replacing each var iab le  with the sum of i t s  mean 

value,  and the per turba t ion  around t h i s  value,  equation ( 2 )  becomes, with f = f + f 

and $ 

- 1  

= (p + $ ' ,  a f t e r  e l imina t ion  of ( 2 ) ,  expressed i n  mean values of  the  var iables:  

2 w - c  6f' + 'W + 1  & = o  
6 r 2  r 6 r  r 6 r  r2 6e2 

i n  which: 

c 

kl 

Q = a b s t r a c t i o n  r a t e  {L3T-l 1 

= ~ / ( 2 n  El D) ( -  c i s  replacing z) 6 i  I L I  

D = depth of the  a q u i f e r  {Ll 

- 
= geometric mean of k {LT-l] 

(3) 

Also taken i n t o  account i n  (3) a r e  : 6' = 0 ,  $ = 0 ,  %. Eauation ( 3 )  i s  ca l led  a 
6 r  6 e  

s t o c h a s t i c  d i f f e r e n t i a l  equat ion a s  t h e  var iab les  have a s t o c h a s t i c  character .  Next, 

i n  order  t o  der ive the  au tocorre la t ion  funct ion of e ' ,  ( 3 )  i s  expressed i n  indepen- 

dent  var iab les  r1 and 

are used i n  the following) : 
e l  (discerned from r2 and e2 because t h e i r  r e l a t i v e  d i f fe rences  

2 2 
6 $ '  ( r l ,  e l )  1 6$' ( r l ,  e l )  1 6 $ ' ( r l ,  e l )  c 6 f '  ( r l r  e l )  

( 4 )  + -  + -  = -  

1 
1 r l  6r1 r 1 2  6 e t 2  r1 6 r  6 r  

Multiplying l e f t  and r i g h t  s i d e s  of the equation with f ' ,  a t  the coordinates r2 and 

e 2 ,  equat ion ( 4 )  becomes a f t e r  taking the  expected value of each term: ( r e f .  6 ) .  
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The expected va lues  of  $ ' ( r l ,  O 1 ) . f ' ( r 2 ,  8 ) and o f  f ' ( r l ,  e 1 ) . f ' ( r 2 ,  8 ) a r e  equa l  to 

t h e  cross and a u t o c o r r e l a t i o n  f u n c t i o n s  o f  $ ' ,  f '  and f ' ,  r e s p e c t i v e l y ,  a t  t h e  coor- 

d i n a t e s  r and e l ,  
E{ $ ' ( r l ,  e l ) f i ( r 2 ,  e 2 ) l =  R 

and f ' a t  l o c a t i o n  2 ;  

E I  f t ( r l ,  e 1 ) f ' ( r 2 ,  e 11 = R~ 

1 and f ' a t  l o c a t i o n  2 .  Note v a r ( f I l )  = R 

Equation (5)  now becomes: 

2 2 

r2 and B2.  In  s h o r t :  1 
, t h e  cross c o r r e l a t i o n  f u n c t i o n  o f  0,' a t  l o c a t i o n  1 

ell, f 2  

2 l ' , f 2 '  

2 
t h e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  f l '  a t  l o c a t i o n  

and covar  ( f I 1  $',) = R 
f l f l  f l  $1 2 

1 
6 r  

r1 
2 

&rl 

Using t h e  same procedure the  

r l  6r1 
2 2 

r1 6e1 

nex t  equa t ion  can b e  d e r i v e d  also: 

1 6 R  1 62R c 6Rf' 
4 ' 2  $ ' l  + - @'2 + ' l  + - +I2 4 ' 1  = - 2 ( 7 )  

6r2  r2 6 r  2 
2 2 

2 r 2  6 8 2  
6 r  r2  

2 

For so lv inq  t h e  s t o c h a s t i c  d i f f e r e n t i a l  equa t ion  ( 3 ) ,  R must be 

solved o u t  of  t he  equa t ions  (6) and ( 7 ) ,  i n t o  which 

this,knowledge of  R , i s  a fundamental  requirement .  The s o l u t i o n  can be done 

i n  a numerical  way,f?sinf; '$he boundary cond i t ion  R a s  w e l l  as R = o  
$ l l f I 2  $ ' 1 $ ' 2  

f o r  r is  equa l  t o  R. 

BASIC EQUATIONS FOR D E R I V I N G  THE STOCHASTIC PROPERTIES OF GTHER CHARACTERISTICS OF 

WELL FLOW. 

I t  is  e v i d e n t  o t h e r  c h a r a c t e r i s t i c s  b e s i d e s  t h e  drawdown are a l s o  in f luenced  by 

s t o c h a s t i c  p r o p e r t i e s  o f  t.he h o r i z o n t a l  pe rmeab i l i t y .  For b r i e f n e s s  sake on ly  t h e  

b a s i c  d i f f e r e n t i a l  equa t ions  w i l l  be given h e r e ,  t h a t  a r e  de r ived  i n  fundamentally 

the same way a s  equa t ion  ( 3 1 ,  from which, w i th  t h e  h e l p  of  numerical  methods t h e  

the 

s t o c h a s t i c  p r o p e r t i e s  of  t h e  v a r i a b l e s  can be de r ived .  The d i f f e r e n t i a l  equa t ions  a r e ,  

with p e r t u r b a t i o n s  a s  v a r i a b l e s :  



i n  which: 

b = l / ( E I D )  

e = p.2n/g 
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u = e f f e c t i v e  p o r o s i t y  {- I  

q ' r  

q ' e  

= groundwater v e l o c i t y  i n  r a d i a l  direct ion{LT-l} 

= groundwater v e l o c i t y  i n  t a n g e n t i a l  d i r e c t i o n  {LT-' 1 

T' = flow d u r a t i o n  {T} 

Contrary t o  t h e  above t h e  expres s ion  from which t h e  s t o c h a s t i c  p r o p e r t i e s  can be ex- 

t r a c t e d  f o r  t h e  d e v i a t i o n s  of  a wa te r  p a r t i c l e  from t h e  mean r a d i a l  flow pa th  i s  more 

complex. Th i s  expres s ion  i s  on ly  given wi th  a r easonab le  approximation as: 

.-, dT d r ,  dr ,  

2 
lJ 

v a r ( T ' )  = 

From the  equa t ion  t h e  r e l a t i o n  between t h e  anqu la r  displacement  0 and v a r ( T ' )  can be 

c a l c u l a t e d  f o r  r=r given R . The va lue  of  v a r ( T ' ) ,  t h a t  can be de r ived  from 

(10)  can be used f o r  s o l v i n g  0 oup of  equa t ion  (11 ) .  Th i s  value of  t h e  angu la r  d i s -  

placement can be c a l l e d  t h e  s t a n d a r d  d e v i a t i o n  o f0 ,o .  The r e l a t i o n  between t h e  stan- 

da rd  d e v i a t i o n  of the  angu la r  displacement  and t h e  s t anda rd  d e v i a t i o n  of t h e  tangen- 

t i a l  displacement  s is given with a reasonable  aoproximation by 0 ( s )  2 r 0 (01, 

i n  which s = r t g 0 ) .  

P'  qIe q' 

2 2 2  
P'  

CONCLUSIONS 

When u s i n g  t h e  P e r t u r b a t i o n  method equa t ions  can be d e r i v e d ,  which can se rve  as 

s t a r t i n g  p o i n t s  f o r  c a l c u l a t i o n  o f  t h e  s t o c h a s t i c  p r o p e r t i e s  of  t h e  c h a r a c t e r i s t i c s  

of  w e l l  f low, such as groundwater heads ,  f low v e l o c i t i e s ,  flow d u r a t i o n  and d e v i a t i o n  

of  t he  flow of  wa te r  p a r t i c l e s  from t h e  mean r a d i a l  f low pa th .  

Fu r the r  numerical  e l a b o r a t i o n  w i l l  show t h e  magnitude of  t h e  e f f e c t  of  t h e  s tochas-  

t i c a l  p r o p e r t i e s  of  h o r i z o n t a l  p e r m e a b i l i t y  on t h e  flow c h a r a c t e r i s t i c s  o f  w e l l  flow. 
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