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3 MATHEMATICAL METHODS USED IN SYSTEMS THEORY

The mathematical methods used in the theory of systems are related to the nature
and function of the systems analysed.

WRS have, in principle, a probability character. Therefore probability methods,
and methods of mathematical statistics and the theory of stochastic processes are
used in their investigation. The methods of Fourier, Laplace and z-transformation
are used for the description of the dynamic complex behaviour of these systems,
and the methods of the calculus of variations are applied for optimization in tasks
where the structure and behaviour of systems are described and investigated.

A selection of the basic mathematical methods related to these issues is presented
in this chapter; a more detailed treatment can be found in the specialist literature
referred to in the text.

3.1 PROBABILITY THEORY
3.1.1 Basic Notions

Probability theory deals with investigation of mass random events; it is based on
a large number of observations or measurements of phenomena occurring under
a given set of conditions. For the determination of the statistical properties of events,
many elementary events (viz. sample points) have to be determined (e.g. by measure-
ment, observation etc.), if that is possible in the given case. In general, a large sample
of these elements can be realized taken for random events from a sample space (e.g.
possible outcomes of an experiment; all possible outcomes form the sample space).
The occurrence of a random event can be predicted with some probability, but not
exactly, even if the set of conditions governing its occurrence is maintained. If this
probability is equal to one, the event is certain (sure), if it is equal to zero, the event
is impossible.

The term probability can be more easily explained than defined. Often, the classical
definition of probability is used. It says: If event 4 can be split into elementary
events X, (i = 1, 2, ..., m) (i.e. events that cannot be further split into particular
events), the probability of its occurrence in the given complete system of n mutually
exclusive and equally probable events (where the sum of all the elementary events
is a certain event and each pair of elementary events has a zero product) is

PA)=— (m=n (31)
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In the case of a complete system of n equally probable events A4,, A,, ..., A, which
the event A4 is composed of and if

P(4) = ¥ P(4) (2
then

P(4) = iip =np =1 (3.3)
so that

p= % (34)

The unconditional probability of occurrence of event 4 was related only to a system
of conditions. If event 4 also depends on the occurrence of an other event, B (given
that the event B has occurred), then

id) = Hed) - A 63

where P(AB) is the probability of the product of two events (occurrence of both
. events 4 and B) and P,(A) is called the conditional probability of event A, provided
that event B has taken place.

For independent events 4 and B,

PyA4) = P(4) and P,(B) = P(B) (3.6)
so that
P(4B) = P(4) P(B) (3.7)

Assume that event A can occur together with one and only one of the n mutually
exclusive events B, (i = 1, 2, ..., n) with the known probability P(B,). The formula
for total probability is



89

P(4) = 3. P(B) Py(4) (38)

The events B, are often called hypotheses of event 4 and at least one of them must
occur for event A to take place. The probability of occurrence of individual hypo-
theses if event A has occurred, is given by Bayes’ formula:

_ _PB)Pofd)

- S

where P,(B,) is the probability of occurrence of the i-th hypothesis together with
the occurrence of event A.

3.1.2 Theoretical Probability Distributions of Random Variables
3.1.2.1 Random Variables

The result of a random event is quantitatively described by the value of a random
variable. The exact value of the random variable cannot be ascertained; only the
probability of occurrence of its values can be determined. Random variables are
classified as follows:

— discrete variables that have, in the given interval, a finite, discrete fumber of
different values,

— continuous variables — the set of their values is infinite and continually fills
up part of the axis of real numbers.

The probability distribution of a random variable describes the allocation of some
probability of occurrence to each value of a discrete random variable, or some prob-
ability of occurrence of a continuous random variable in a certain interval of possible
values.

The probability distribution of a random variable can be described by the prob-
ability density function (p.d.f.) or by the cumulative distribution function (c.d.f).
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The p.d.f. (Fig. 3.1.a) of a continuous random variable is expressed by function f(x),
which is the first derivative of the c.d.f. of the random variable F(x) with respect to x.
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Fig. 3.1 Graphs of the p.df. and the cd.f. of
a continuous random variable

a — p.df. of a continuous random variable,
b — c.d.f of a continuous random variable,
¢ — relative class frequencies of a random
variable, d — its distribution function

(3.10)

gives the probability of occurrence of the values of the random variable ¢ in the

interval (x,; x,).

The c.d.f, F(x), of a random variable ¢ gives the probability that the value of the
random variable & will not exceed the selected value x, i.e.

F(x) = P(¢ < x)

(3.11)

The cdf. (Fig. 3.1.b) of a continuous random variable is continuous, that of
a discrete random variable is continuous with the exception of a finite number of
points. The c.d.f. of a continuous random variable is a continuous, monotonically
increasing function (represented graphically by a curve)

Fx) = Jw () dx

(3.12)
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The c.d.f. of a discrete variable is a step function that changes its values only at
a finite (or countably infinite) number of points that are the possible values of the
random variable £ and where the jumps occur.

If the sample of discrete random variable values is very large, it is helpful to group
the values into classes of equal size. The centre of the class (viz. class mark] represents
all the values of the class. It is associated with the class frequency, i.e. the frequency
of occurrence of the discrete random variable in the given interval. For each class
frequency, n,, the relative class frequency n/n is calculated. The p.d.f. is a step function
and the corresponding c.d.f., which is the cumulative function of the relative class
frequencies, has the form of a broken line.

The general property of the p.d.f. is

Jm flx)dx =1 (3.13)

3.1.2.2 Numerical Characteristics of Random Variables

Assume a random sample of a certain population of a discrete random variable
and a continuous one. There are many problems in mathematical statistics in which
it is difficult, or at least not feasible, to determine completely the c.d.f. of a random
variable. In such cases it is often possible to describe the distribution of a random
variable partially by its moments (i.e. moments of probability distribution). They
are classified as a) general (or merely moments) and b) central moments.

a) Moments (general moments) are defined by

(&) = r 2 f(x) dx (3.14)

l® o)
where x is the value of the random variable, f(x) is its p.d.f, and k is the order of the
moment (k is an integer; this moment is often called the k-th moment of a continuous
random variable); or by

m) = 3in (.15)

which is the k-th moment of a discrete random variable, where P, are the probabilities
allocated to the values x;;

b} Central moments about the mean y are defined as the mean (expected) value of
(x — u)* (in a mechanical interpretation, the moment is related to the axis which
includes the centre of gravity of the graph of the p.d.f) of a continuous random
variable

a0

MO = mie =)= | (- o 316)

oo



Table 3.1 The main moments of the random variables

Type Order | Expression for the continuous Expression for the discrete random variable Meaning
of moment of random variable of the moment
moment for p, #+ p, * ... % p, for p, = p, = ... = const
x n 1
General I m (&) = I x f(x)dx m (&) = 3 xp; mo=- 3y x mean p(x) [X]
— % i=1 ni=1
Centra I DR Y S P PU R M P PGS YO -
o i=1 i=1
o n 1
Central 1L M,(¢) = '[ (x = ) flx)dx M) = Y(x, — wp M,(&) == Y (x; — X variance 6%(x) [s2]
- i=1 ni=1
standard deviation
s = JM,[(& s = M,
NEXG VM) L]
s coefficient of
C= % variation C, [C,.]
x n 1 n
Central 1. M;(8) = J (x = pp* f(x) dx My)= T(x — ufp My(¢) = n 2l = %P -
L s i=1 i=1
M,(&) coefficient of
C, =
NIYETS) skewness C(x) [C,.]
o . n 1 n
Central 1v. M) = J (x = w)* f(x) dx M) = Yl —mp M,(¢) = " 2l —%)* -
—x i=1 i=1
_ M,(&) coefficient of
T M9 kurtosis E(x) {7]

6
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or of a discrete random variable

n

M,(¢) = PEAET o 2

i=1

(3.17)

The meaning of the first moment and the first to the fourth central moments with
the expressions for continuous and discrete random variables and for p = const are
given in Table 3.1.

3.1.2.3 Application of Theoretical Probability Distributions

Theoretical probability distributions are used for the evaluation of the type of
probability distributions of random events and the values that describe them, and
for fitting the empirical probability distributions corresponding to random samples

Table 3.2 Main theoretical probability distributions

Group Type Modification
(alternative)
Normal
Normalizing log-normal Gauss-Gibrat
Galton
Ven-Te-Chow
Gamma-distribution
Beta-distribution
Pearson Type I
Type III
Extremal exponential
Weibull
Gumbel
Discrete geometrical
hypergeometrical
binomial
Poisson
Involved in analysis Student — ¢
of variance distribution — ¥*
Snedecor — F Fisher
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of the population (see 3.1.4). In WRS, exceedance probability functions (e.g. flow
duration curves) are often used and they are related to the c.d.f. by the formula

X

Px) =1 - F(x) =1 — j £(x) dx (3.18)

—

The empirical frequency function cannot reliably determine the probability of
extreme values, even if relatively long time series of observed data are available.
Fitting them to the theoretical c.d.f. facilitates extrapolation to the extreme values.
The quality and reliability of the results depend on the goodness-of-fit of the selected
theoretical c.d.f. with the unknown actual distribution. ‘

Table 3.2. contains the main theoretical c.d.f. used in water management and
related tasks.

In fitting the data to the theoretical c.d.f. the following methods are used:

1) By analysis of the characteristics and properties of the random variable and its
origin (analysis of the boundary conditions, skewness of the empirical c.d.f, etc.)
a feasible type, or several types of theoretical c.d.f. are determined.

2) By means of the parameters of the empirical c.d.f. (sample values) thé para-
meters of the theoretical c.d.f. are estimated. '

3) The goodness-of-fit between the empirical and theoretical c.d.fs is evaluated.

3.1.2.4 The Normal Probability Distribution

The normal (Gaussian) probability distribution is the most important one in
probability theory and in mathematical statistics, as it is suitable for the approxi-
mation of empirical p.d.f. of quantities observed in different phenomena, both con-
tinuous and discrete, and also for the approximation of other, more complicated,
theoretical probability distributions. A random variable, the values of which are the
sum of a large number of mutually independent effects, each having a small impact,
has the normal probability distribution.

A further condition for normal distribution is a large number of elements in
a sample. It is necessary to differentiate between a large number of elements in
a sample and a large number of independent effects. In general, it can be said that
a large number of elements in the sample contributes to the goodness-of-fit between
the empirical and theoretical distributions, whereas the number of independent
effects determines the type of theoretical distribution adequate for the given random
variable,

The normal distribution of a continuous random variable has two parameters:
the mean p and the standard deviation o. It can also be used for a discrete random
variable.
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The p.df. and c.d.f. of the normal distribution are presented in general and stan-

dardized forms in Table 3.3.

Table 3.3 Normal probability distribution

random variable

mean u(x)
standard deviation o(x)
j(x) = c e‘[I"M(X)]’/ZaZ(x);
p.d.f 1
¢ = —
o(x) /2n
1 * - 2 2
cdf. F(x) = ——= | e Wuwri2eie gy
o(x) /21 Y-+
standardized _X- plx) -
variable o(x)
1 2
pd.f. of t.he . 1) = —— ot 1
standardized variable \/21t
c.d.f. of the i '
. — —12/2
standardized variable F(o) = o f;i dr

It is convenient to refer to the normal distribution with the general form of p.d.f.
(Table 3.3) as the distribution N (g, 6?), and the standardized form of p.d.f. as N (0, 1).
The graph of the p.d.f. and c.d.f. for some selected values of 6 and u = 0 is given

in Fig. 3.2.

Fig. 3.2 Normal probability
distribution of the random
variable for different values
of o(x)

a ~ pdf,b — cdf
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In WRS contexts the probability distributions are frequently not symmetrical and
they are bounded on one or both sides. The normal distribution, however, is an
approximative basis used for the derivation of other convenient distributions and
for the development of methods of probability and the statistical treatment of random

samples.
Table 1.1 Class frequencies
i Class interval X, n,
1 888— 9.12 9.00 1
2 9.13— 937 9.25 3
3 9.38— 9.62 9.50 tt
4 9.63~ 987 9.75 24
5 9.88-10.12 10.00 42
6 10.13-10.37 10.25 62
7 10.38 - 10.62 10.50 58
8 10.63 —10.87 10.75 44
9 10.88 —11.12 11.00 19
10 11.13-11.37 11.25 9
11 11.38—11.62 11.50 4
12 11.63-11.87 1175 2
13 11.88-12.12 12.00 1
280
L I L
!
70 !
— X 1
z 60 b
<ln 50 / \ (”
<
— 40
=
> 30
g Fig. I.1 Fitting of the theor-
s 20 . .
% etical pd.f (1) to the histo-
2 10 gram of class frequencies (1)
0 I — histogram of class fre-

8.83 +
913 4
9.38 -
9.63 4
9.88 4
10.13
1038
10.63
10.88

quencies, /1 — theoretical nor-
mal p.d.f



Example I

A sample of 280 elements is given by its class frequencies (Table I.1) with the sample
mean X = 10.37 and the sample standard deviation s = 0.475. A theoretical normal

p.d.f. is to be fitted to it.

Solution

The empirical p.d.f. is clearly close to the normal p.d.f. The values of the theoretical
normal p.d.f. are calculated in Table 1.2. The values ¢ = (x; — X)/s are the values of
the standardized variable where x; are the lower class limits for which the theoretical

values of the p.d.f. are calculated.

Table 1.2 Computation of the theoretical normal p.d.f.

T T
- N, — X nh
! X; X — X t=—= 1 5 1)
1 8.88 —14932 -3.14 0.0029 0426
l 2 9.13 —1.2432 —2.61 00133 1.95
13 9.38 -0.9932 -2.08 0.046 0 6.77
4 9.63 —-0.743 2 —1.55 0.1202 17.5
5 9.88 -0.4932 -1.03 02348 34.5
6 10.13 —0.243 2 -0.51 0.350 2 5L.5
7 10.38 +0.006 8 +0014 0.3940 58.0
8 10.63 +0.256 8 +0.54 0.344 5 50.6
9 10.88 +0.506 8 +1.06 02275 335
10 1113 +0.756 8 +1.59 0.1128 18.2
11 11.38 +1.006 8 +2.12 0.041 5 6.10
12 11.63 +1.256 8 +2.64 00122 1.79
| 13 11.88 +1.506 8 +3.17 0.002 7 0.397

The values of f(¢) corresponding to values ¢ are obtained from tables (e.g. Reise-
nauer, 1970). These values are multiplied by the value of the following expression

nh 280025

s 0475

where h is the class length.

The values of the class frequencies and theoretical p.d.f. are given in Table I.1.
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3.1.2.5 Normalizing Probability Distributions

The normal probability distribution has a simple mathematical representation
and tables on the p.d.f. and c.d f. of standardized variables are available (the computer
programs for their calculation are included in the software of each modern com-
puter). Therefore, there have been many attempts to transform skew probability
distributions of a random variable x to a variable y that is normally distributed.

The principle of this transformation is the determination of a function ¢ for nor-
malizing the transformation y = ¢(x).

The simplest transformation function is y = x° In hydrology, C. K. Stidd used
the exponent a = 4, which proved to be helpful for various types of time series of
precipitation (e.g. annual, monthly and daily precipitation) (Kendall, 1970).

The logarithmic transformation expressed by Johnson in a general form is often

used: x—m

This formula is the most general and includes other formulae (e.g. Galton’s) as
a special case. An apparent disadvantage is its large number of parameters (a b, 1, m),
but on the other hand it has the advantage of good adaptability to a wide range of
skew distributions. '

Modifications of the log-normal distribution applied in meteorology, hydrology
and water management have been developed by F. Galton, R. Gibrat and Ven Te
Chow. )

The log-normal probability distribution of a random variable x is such that the
variable, after the logarithmic transformation (e.g. (3.19)), has the normal probability -
distribution. ‘

Table 3.4 Log-normal probability distribution

pdf. %) = !t exp {—[lg (x — xo) — uly)]*/26%(y)}

(x — xo)aly) /2

form of logarithmic

transformation (Galton) y=lglx — xo|

o1 2
mean uy) = lgalx) - 1g|C,| - 5 lg(i + C3)
variance o¥(y) =lg(1 + C2)

coefficient of skewness Clx)=C} +3C,
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The log-normal distribution proved to be adequate for many skew distributions
that correspond, for example, to maximum flows (frequently C, > 3C,, i.e. the co-
efficient of skewness is greater than three coefficients of variation) and to monthly
flows.

The analytical expression of the p.d.f. and relationships describing the basic stat-
istical characteristics are given in Table 3.4 for Galton’s transformation of the random
variable

y=lgix — xo (3.20)

Further transformations were used by R. Gibrat (Gauss-Gibrat distribution)

y=alog(x—x,)+b » (3.21)
Ven Te Chow

y=Inx (3.22)
and F. Galton (a new formula)

y=oflgx ~ f) (3.23)

The Gauss-Gibrat distribution fitted the probability distributions of daily flows
and annual maximum flows well (Votruba and Broza, 1966). Gumbel’s extreme
probability distribution is a special case of the log-normal probability distribution
(Ven Te Chow, 1964).

3.1.2.6 Gamma Probability Distribution

The mathematical expression of the p.df. of the gamma distribution uses the
gamma function, i.. Euler’s function of second order I'(x). It is defined by the integral

I(x) = J emtptdr (3.24)

o
that is convergent for x > 0. Its form can be described by the expressions

lim I'(x) = +o and lim I'(x) = + o0
X x—=+0+
and it has a local minimum for x ~ 1.46,
Further properties of the gamma function are
a) Mx + 1) = x I'(x)
b) I'(n) = (n — 1)! for positive integer n (3:25)
The gamma function has been tabulated (e.g. Abramowitz et al., 1964; Rektorys
et al., 1963), and it is used for the calculation of many difficult integrals that can be
transformed to it.
Pearson and Weibull used the gamma function for the expression of their distri-
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butions. The gamma distribution (or more precisely the incomplete gamma distri-
bution) was used by G. L. Barger and H. C. S. Thom in processing precipitation time
series (Kendal, 1970). Due to the possibility of selections many combinations of its
two parameters with a pronounced effect on the shape of the p.d.f. (Fig. 3.3), further
applications in water management are envisaged.

Fig. 3.3 P.4f. of the gamma-
distribution for different com-
binations of a and 8

2

The general mathematical form of the p.d.f. of the random variable x, i.e. mean,
standard deviation and mode, is given in Table 3.5, This distribution has been tabu-
lated by K. Pearson, and it is published not only in specialist mathematical literature
but also in water management references. For the estimation of parameters the
method of maximum likelihood is recommended and preferred to the method of

moments.

Table 3.5 Gamma probability distribution

t
p.d.f. Jx) = s x* e for x > 0
0 for x <0
. 1
cd.g. F(x) = = I + 1)
mean u(x) = Blo + 1)
standard deviation o(x) = B /o + 1
coefficient of skewness Clx) =
a+ 1
.
a, — parameters of the gamma probability distribution

in a general form
T + 1) — gamma-function



Table 3.6 The Pearson probability distribution — type III

schematic geometrical
representation
of the p.d.f.

18}

Quantity General form Standardized form Geometrical interpretation
~ ulx 3
random variable x | t= J—) I3
o(x)
mean u(x) ] &) =¢ +a+d
standard deviation a{x) 1 alé) = /dla + d)
ici 2 d
coefficient c - 2 c.=2 C.=2
of skewness Yoy a ) a+d
o exp (au((x)) - 012\ o —a? 1
a(x / ot e
df. {x) = . : t &) = :
P 1) I(e?) 6*(x) s I=?) 9 dla/d + 1) [(a/d + 1)
. [xo.(x) — H(X) + x]zz—l e~ (@atxnx ,(a + t)al—l e~ (5 - éo)a/d el=¢-%d
the range x>0 | [pfx) — ao(x); + 0] (—a; )
of the
random a<0|[~o0;px) — xolx}] (—o0; —&)
variable

101
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3.1.2.7 The Pearson Probability Distribution

K. Pearson derived the p.d.f. on the basis of a general differential equation
dy X +a
dx by + b,x + b,x*

y (3.26)

with coefficients a, b, b, b,, which are real numbers. According to the values of these
coefficients and their combinations, he described 12 types of theoretical distributions,
derived, in principle, from the general beta distribution. These functions have a purely
theoretical basis; however, in many cases they can be successfully used to fit empirical
distributions. Sometimes they are considered a good universal type of skew distri-
butions, adequate for discrete random variables (e.g. approximation of the binomial
distribution).

The general form of the p.d.f. of the Pearson distribution is given by the expression

7(9) = exp (J _ xta dx) (3.27)

—w bo + by + b,x?

The Pearson probability distribution type III is a type of skew distribution with
- a lower bounded, bell-shaped form. From the analytical description of the p.d.f. in
Table 3.6 it is clear that it has three parameters: the mean p(x), standard deviation
a(x), and the constant o, which defines the coefficient of skewness. The normal
distribution is a special case of the Pearson probability distribution type III with
a zero skewness.

3.1.2.8 Exponential Probability Distribution

Exponential probability distribution is a single-parameter probability distribution,
and it is given in Table 3.7 by its p.d.f. and c.d.f. It can be considered a special case
of the gamma distribution, possibly also of the Weibull distribution.

This function is widely used in reliability theory. However, in hydrology and in
water management it has been successfuly applied in the statistical treatment of the
maximum flows in a given period (Votruba and Broza, 1966).

For application to water management the c.d.f. can be written in a general form

Fzy=1-¢7* - (3.28)
where

2 = o) (3.29)
Goodrich (Votruba and Nachazel, 1969) used the transformation of the type

z = k(x — x)' (3.30)

with three parameters (constants) k, x’, .
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Table 3.7 Exponential probability distribution

o | {0" e ™ for x 20 1
pas ‘/x)-O for x <0

df F {1 — e forx=0
“ ® =10 for x <0
mean #x) = @; @ — parameter of distribution
standard deviation olx) = @
coefficient of skewness Cix)=2

3.1.29 The Gumbel Probability Distribution

The Gumbel probability distribution is a type of extreme probability distribution,
which is suitable for the maximum values of samples. In hydrology and in WRS
problems it has been used for processing flood flows (Coutagne, 1951).

Table 3.8 The Gumbel probability distribution

p.d.f. f(x) = exp(—z)exp [~ exp (~2)]
cdf. F(x) = exp [— exp (~2z)]
equation of the exceedance
probability curve P(x) = 1 —exp [ exp(—2)]
transformation of random
variable z=alx - p)
v . n
constants in transformation o=
6(x) /6
. Y
B = ilx) -~
o
a, — constants in transformation
n = 3.14 ... — Ludolf’s number
y = 0.577 ... — Euler's number

£{x), 6(x) — point estimates of the mean and standard deviation of the population



Table 3.9 The method of fitting theoretical exceedance probability functions by quantiles method

Probability Quantiles Auxiliary Estimation Equation of the
distribution estimated from | parameters of parameters theoretical
empirical of the exceedance exceedance
probability probability probability
curve curve function
XeXox — X2 X — X log (x, — xo) = log (xs, — X,) + 5, PP, C
log-normal Xeu Xs5g Xos X, = —228 T30 s, = 0304 log s T g (x, = Xo) g (x50 o) + 5, 4P, C)
X5 4 Xos — 2Xsq ’ Xg5 — Xg [ for C, =0
|
. . X5 + Xo5 — 2Xs5o =
binomial X5y X500 X5 = == X = x50 — S Pso x, = X[1 + C, ®y(P, C,)]
X5 = Xgs
D, + g5 — 295, Xs — Xgs Ss
= sx = ; CV - t
P, — Py, P, — Dy, X
4.067 1
Gumbel X3, Xg5 4= —- % = 0412x; + 0.5x54 X,=B+-2,=%+s,9(P,C)
X5 + Xgs o
B = 027x, + 0.73x,, 5, = 0.315(x5 — x45)
2lo — log x; — log x
exponential X5, X505 Xo5 S, = g %50 B %s g Xos

log x5 — log xg
a) for C,, > 0:
log ks — log ke
*= log x5 — log x4
b) for C, < O:
. logkys — log ks

" log x5 — log x4
| ks. kys tabulated for C,

log 7 = alog x5, — log ks,

logz = o log x5, — log ks,

1
logx, =~ log z,
o

log z, = log Z + log [1 + 0.5C,, @,(P, C_))]

124!
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Under Czechoslovak conditions this distribution was applied in processing maxi-
mum precipitation (for n-day, n-hour values). In view of the analytical form of the
p.d.f. (Table 3.8) it is also called double-exponential probability distribution, with
the standardized deviation about the mode as the argument. E. J. Gumbel called
it the law of maximum values as it was derived from an investigation of the highest
age. It is skew (with one constant value of the skewness coefficient C, = 1.139) and
unbounded.

3.1.2.10 Estimation of Parameters of Cumulative Distribution Function

Analyses performed in WRS studies have shown that for the determination of the
parameters of the c.df. (or exceedance probability curves) the method of moments
need not necessarily be the best one. Therefore some other methods have been
developed for a simpler, less cumbersome and often more reliable estimation of the
parameters of the c.d.f (Alexeyev,1960). These methods use quantiles, ie. values

Table 3.10 The used probability papers

Type of network Scale of the abscissa Scale of the ordinate
(probability)

normal derived from the normal c.d.f. linear

distribution (symmetrically increasing on
both sides)

log-normal derived from the c.d.f. logarithmic

Gumbel derived from the straight form linear

of the relation between the
standardized variable and the
cd.f. (skew, it increases to
zero more than to one)

Fréchet : - logarithmic

Goodrich log log (1/P){P ... derived logarithmic

(exponential distribution) from the c.d f. of the normal
distribution)

Brovkovich derived from the c.d.f. of normal | derived from the straight form
distribution (symmetrically of the standardized variable
increasing on both sides) and the c.d.f. of binomial

distribution with C, = 2C,
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chosen in such a way that the observation less than this value forms a given (required
or chosen) part of the sample (more correctly: for the number p the p-th quantile X,
of the continuous random variable x having c.df. F(x) is defined by the smallest
number for which F(x,) = p). The method of quantiles is used for log-normal, bino-
mial, Gumbel and exponential distributions. It is often based on values of two or
three quantiles estimated from the smoothed empirical c.d.f. (exceedance probability
function) and standardized values of the c.d.f. ¢ (P, C_) which have been tabulated,
for different types of probability distributions.

The equation for determining the basic statistical characteristics and the value of
the theoretical exceedance probability function determined by the quantiles method
and the corresponding standardized variables are given in Table 3.9,

The fitting of the theoretical c.d f. (exceedance probability function) to the empirical
one in hydrology is often performed in the following way: the values of the random
variable are ranked in the ascending (descending) order, the empirical probabilities
(probabilities of exceedance) are calculated by the plotting — position — prob- i
ability formula p = (m + a)/(n + b) where m is the rank, n is the number of ranked
events, a and b are constants (e.g. Chegodayev has a = —0.3, b = 0.4, Hazen,
a= —05b=0or Weibull,a =0, b = 1).

These values p and the corresponding values of stochastic variables are plotted
on probability paper, where the scale of probability typically increases towards both
sides. The exceedance probability function (or c.d.f) is represented on this paper by
a curve approaching a straight line, or by a straight line if the sample investigated has
the theoretical c.d.f. used in the construction of the probability network. Therefore,
the probability paper that seems to correspond best to the empirical sample is
selected. Table 3.10 shows the main probability papers used in WRS with a descrip-
tion of the scales on the axes.

Example 11

Earth samples were taken during the construction of an earthen dam to provide
a sample of values for the density of wet earth. The frequencies (histogram) in Fig, IL.1
show a negative skewness that suggests the use of binomial distribution. The para-
meters of the fitted theoretical c.d.f. will be determined using the method of quantiles.

Solution

The values of the quantiles are estimated from the empirical exceedance probability
curve (Fig. I1.2)

Xs = 2190 xg, = 2.080 xo, = 1.937
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An auxiliary value S is calculated

g% + Xg5 — 2x5, _ 2.190 + 1.937 — 2-2.080
X5 — Xgs 2,190 — 1937

= —0.130 (IL1)

From the tables (e.g. Votruba et al,, 1973, appendix II) we get S = —0.13

C = —0470; &, — &, = 3260; ., = —0080
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Table 11.1 The class frequencies of the density of wet earth

i Value of the Frequency Rank of the last Exceedance
class mark element in each class probability
m—03
[x] [n] [m] P od 1%
1 1.775 1 239 99.8
2 1.825 4 238 99.2
3 1.875 7 234 97.3
4 1.925 13 227 94.6
5 1.975 26 214 89.1
6 2.025 48 188 78.4
7 2,075 74 140 58.3
8 2.125 46 66 274
9 2.175 16 20 8.22
10 2225 4 4 1.54

The sample parameters of the exceedance probability function are calculated and
used as the estimators of parameters of the theoretical probability distribution
(Table 1L1)

X5 — Xg5 2190 — 1.937

= = = 0078 12
T, — o, 3.260 (112)
X = x50 — 5,85, = 2.080 — 0.078(—0.08) = 2.086 (IL3)

s, 0078

=2 =" =0038 114

€ =5 =208 4

3.1.3 Dependence and Correlation
3.1.3.1 Functional and Probability Relationships

Among the variables (including random ones) describing the processes in the
natural and technical sciences there exist functional and probability (stochastic)
relationships; in water management a linear correlation is the most frequent one.

The investigation of the probability relationships of the random variables was
facilitated by the following factors: the accumulation of sufficient information con-
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cerning the phenomena and describing random variables; a deeper understanding
of the genesis of the processes investigated, which helped to reduce possible errors
in the conclusions concerning the existence and nature of the probability relation-
ships, improvement of methods of analysis; and, last but not least, the use of com-
puters, for their evaluation.

Assume that the phenomena investigated have, in the simplest case, a single prop-
erty that can be measured and expressed quantitatively. The quantity that describes
this property is, in general, variable in time, ¢, and in space, s, and includes some
random component ¢, so that

x = f(t) + 1, + ¢ (3.31)
and, at the same time,
x = g(s) + so + & (3.32)

or
x = his, t) + so + 1o + & (3.33)
where s, and t, are constants

Similarly, a variable Y can be expressed. Assume that the variables X and Y are
function of more random variables Z,, Z,, ..., Z,, which are common to both vari-
ables, and that Y is also a function of U, U,, ..., U, and Y a function of ¥}, V,, ..., V,;
then there is a probability relationship between the variables X and Y.

In WRS contexts, probability relationships between the variables investigated
are quite common. If overlooked, this could lead to incorrect results with serious
technical and economic consequences.

3.1.3.2 Multivariate Probability Distribution

In section 3.1.2, one-dimensional probability distributions were investigated where
the probability of occurrence of the random variable can be described by a single
value. In the investigation of probability relationships among random variables
it is useful to start with the idea of multivariate probability distributions which take
into account more factors of each element of the statistical sample. The probability
of their occurrence is not given by a single value but by several values depending on
the occurrence of a certain factor; in fact, this probability is a conditional probability
in the sense of section 3.1.1.

Let us start with the two-variate probability distribution of the random variable
(X,Y),where X = x,(i=1,2,..,n)and Y = y,(j = 1,2,..,, m), the matrix on which
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is given in Table 3.11. Each row of the matrix gives the conditional probability distri-
bution of the random variable X, given the value Y, and each column the conditional
probability of the random variable Y, given X. The last row and last column contain
the values of the unconditional probability distributions of the values X and Y
respectively.

Table 3.11 Schematic representation of the matrix of the probability
distribution of a two-variate discrete random variable

X

Y X, X, X; X,

¥ plx1> ¥1) plxs 1) - plxs y1) - plx, ¥1)| P01

Y2 P(xx’ YZ) P(xz’ )’2) P(xi’ Y2) p(x,,, YZ) P(Yz)

oo een) dw) o pmy) b |6

}m Pxys V) P(X35 V) - PXo V) - Pl%ss Yol PV
p(xl) P(xz) P(xi) P(xn)

The k-th and c-th moments and central moments of the two-variate random
variables (X, Y) are determined by the expressions

wofMe = 1 X0 (3.34)
1
oM = n .Zl(xi — 5y, - ¥F (3:35)

If k + 0 and at the same time ¢ % 0, then the moments are called mixed product
moments; the most important of these is the first central moment , M, ; called the
covariance )

im—ﬂm—w (3.36)
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All the covariances of a n-dimensional sample of the random variables X |, X,,..., X,
can be arranged in a square matrix of the following form:

M oMo M

ijM =1 2,1M 2,2M 2,nM
M MM

n.n

which is called a covariance matrix. It is symmetrical with respect to the main di-
agonal so that it can be written as the upper triangle matrix

M Mo M

22M o 2 M

M = (338)

ij :
n,nM
For the independent (uncorrelated) random variables X, X,, ..., X, this matrix is,
in fact, a diagonal matrix with non-zero elements on the main diagonal only:

M0 .0

M- 22M .. 0

i,j

. (3.39)
S

n,n

Instead of the covariance matrix, a correlation matrix is often used for the standard-
ized variables. Its elements are not the covariances but the correlation coefficients
defined by

i,le,l

N = 340
1TSS, (3.40)
so that (3.38) becomes (3.41)
Lrip ri3 - g
1 ryg ... 1,
L= ’ " 341
] 1y, (341)
1

3.1.3.3 Methods of Determination of the Linear Statistical Dependence Between
Random Variables

These methods encompass the calculation of the coefficients of linear regression
and correlation from the covariances, the coefficient of rank correlation, and also
the estimation of the statistical dependence by graphical representation of the regres-
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sion relationship by plotted points. The coefficient of linear correlation, r, is a measure
of the statistical dependence between the random variables X and Y (their values
x; and y;) and it is calculated from the covariances by the following equations

VI R )

= =M _ i (342)

> S b

—1 £ r £ 1, and for uncorrelated (i.e.statistically independent) random variables
X and Y, r=0.

The statistical dependence can be either direct (ie. positive for 0 <r £ 1) or
indirect (i.e. negative for —1 < r < 0). The value of the correlation coefficient is
invariant to linear transformation of random variables.

The coefficient of linear correlation is a good measure of the statistical dependence
of random variables X and Y, if the relationship between them approaches the linear
one. Therefore it is useful to evaluate the degree of linearity of the relationship be-
tween two random variables (e.g. by plotting of points).

The following formulation is recommended for the calculation of the correlation
coefficient:

M=

1

I

- s 64y
Jr gt - (G 12~ (B

The rank correlation coefficient (Spearman’s correlation coefficient) used for testing
the linear dependence of two random variables, is given by the formula

6id
ol

(3.49)

For its calculation, the values x; and y; are replaced by their ranks (in descending
order). The difference of ranks of the corresponding values v,, and v in both samples
of random variables X and Y are denoted by.d,, n being the number of correlated
pairs. To check the correct determination of the values d,, the condition

d=0 .

1

M=

1]

1

i

may be used. The values of the rank coefficient have the same range and can be
compared with the ordinary correlation coefficient determined by covariances.
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Calculate the value of rank correlation coefficient of the mean annual flows Q,
in the period 1931 —1960 in the town of Pisek on the River Otava and compare it

with the ordinary correlation coefficient.

Table 111.1 Calculation of the rank correlation coefficient

i 0, (m*s™") d=v, ~ v, a4
a)
1 40.2 6 8 -2 4
2 37.6 8 26 —18 324
3 352 26 28 -2 4
4 31,0 28 22 + 6 36
5 28.2 22 19 + 3 9
6 275 19 15 + 4 16
7 27.1 15 10 + 5 - 25
8 26.4 10 3 + 7 49
9 25.6 3 1 + 2 4
10 249 1 2 -1 1
11 23.8 2 14 —12 144
12 234 14 27 —-13 169
13 227 27 5 +22 484
14 21.8(2x) 5 11 -6 36
15 215 11 12 -1 1
16 21.1 12 23 —-11 121
17 20.5 23 9 + 14 196
18 20.3 9 16 -7 49
19 19.7 16 27 —11 121
20 194 27 24 + 3 9
21 17.8 24 25 — 1 1
22 17.2 25 21 + 4 16
23 171 21 14 + 7 .49
24 16.3 14 4 +10 100
25 16.2 4 17 —-13 169
26 14.1 17 13 + 4 16
27 124 (2x) 13 7 + 6 36
28 10.4 7 18 —-11 121
29 18 20 -2 4
Z x) 2314

a) ranked in descending order

x) the sum Y d, is not equal to zero as in the column v, in the computation of the autocorrelation co-
efficient the 30'" year element is not included, which has Veso = 20; similarly in the column v,, the
1 element is missing, which has v, = 6. Then (—Yd, = —14) + 20 - 6 =0
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Solution

The calculation was arranged in a tabular form (Table IILL). The coefficient of
the rank correlation was calculated by formula (3.44)

2
6 i;di 6.2314

The value of the ordinary correlation coefficient using formula (3.42) or (3.43) is
a little higher; r = 0.497.

The correlation technique is often accompanied by regression analysis. Linear
regression functions (geometrically represented by straight lines) relate a dependent
variable X to an independent variable Y or vice versa. The plotted points of the
relationship are concentrated along a straight line if the absolute value of the cor-
relation coefficient converges to one (Fig. 3.4).

a) b) c)

Fig. 3.4 Relative position of the regression straight lines
a — close direct linear regression, b — loose indirect linear regression, ¢ — independence

The general equation for the linear regression (equation of the regression straight
line) of the dependent random variable Y and independent random variable X is

Y=a+bXx . (3.45)
where a (intercept) and b (regression coefficient) are constants that are determined
by the least squares method from the sum

Yy, =na+ b ‘;xi (3.46)

i=1

The following expressions for these constants have been derived
n n

St Tu- ¥x

i=1 i=

Xi¥i

)
o

1
n
X

i=1

(3.47)

[ SIS

o u'M:
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n S = £ B
b=—"=2 Lt L (3.48)
n rxi

(5

By substituting these expressions into eq. (3.45), the equation of the linear regression,
the expanded function Y = f(x) is obtained. Similarly, the contents a’ and b’ can be
calculated for the function x = g(Y) in the form

X=d+bY (3.49)

The constant b in equation (3.45) is the regression coefficient of the linear function
Y = f(X), and b’ in equation (3.49) the regression coefficient of the linear function
X = g(Y). They can be related to the standard deviations s, and s, of the random
variables X and Y in the equations

b=r2 (3.50)
po=r= (3.51)

and the regression function becomes

S
y=y=r2x-%) (3.52)
and
= Sy -
—X=r=0-7J) : (3.53)

y

The correlation coefficient can be written in the form

= /b’ (3.54)

The graphic representation of pairs of regression straight lines showing high and
slight degrees of dependence and independence, respectively, is shown in Fig. 3.4.

The value of the correlation coefficient between two variables is influenced by,
among other things, autocorrelation in the samples of the random variables, a fre-
quent occurrence in WRS contexts. Therefore, for individual cases under investi-
gation, it is advisable to check the significance of autocorrelation in series of both
random variables X and Y in relation to cross-correlation by means of the criterion

1
1+ 2r, vy + 2y +

(3.55)



where r, is the correlation coefficient between x(t) and x(t + 1),
r, — the correlation coefficient between x(t) and x(t + 2),
ry — the correlation coefficient between y(t) and y(t + 1),
ry — the correlation coefficient between y(f) and y{t + 2), etc.

If a converges to one the cross-correlation coefficient can be calculated as if X
and Y were two samples without any autocorrelation (Solomon, 1970). Conversely,
the autocorrelation may be analysed in relation to cross-correlation (Mata_las, 1970;
Cavadias, 1970).

3.1.3.4 Methods of Determination of Complex Statistical Dependence Between
Random Variables

Non-linear and multivariate correlation and regression are the main examples
of complex statistical dependence, which is important for WRS problems.
Non-linear regression is applied in cases where no other transformation to linear
regression is possible. The plotted points are concentrated more or less closely along
some curve. There are no simple and exact methods for the determination of this
curve, and therefore the form of the regression curve must be estimated. An analogy
of the coefficient of linear regression is the correlation ratio n and an analogy of the
_regression straight lines are the regression curves with the correlation indices I used
as their parameters. They are determined by the equations

[}

s X
L= J1-% (3.56)
sz
= 1= (3.57)
y
§2
n= |1 3 (3.58)
y

where 52, and sﬁx are the residual variances of empirical points with respect to the
estimated regression curve and

=130 w] (359
y_niz1 j=1yi yj .

where k is the number of classes in which the points have been grouped. If 2 — r2 —» 0
the correlation converges on the linear, if J; — #* -0 and also I7 — n*> - 0 the
regression function was well estimated. The range of the correlation ratio is the same
as the range of the coefficient of linear correlation, ie. |y| < 1. In general |5| > |r|.

The difference x = > — r? is called the criterion of linearity.
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The transformation of random variables from a non-linear to a linear relationship
can have a logarithmic form. This logarithmic anamorphosis is very useful in many
cases.

In hydrological and other WRS issues multivariate random variables are often
investigated (e.g. multivariate regression models). The relationship of the random
variables is described by equations of multivariate (in the following example by
threevariate) correlation and regression. The regression function in the case of two
dependent variables x, and x, (regression plane) has the following form

y=a+ bx; + b,x, (3.60)

and the expanded form

< _ Ty = Txxlxay 9y 7
yoy =t Tt D
1 - rxlxz axl
r... —r. . r..G
X2y X1X2” X1y y ¥
+ _—1 — r2 a_— (x2 x2) (361)
x1%2 x

with the usual meaning of the symbols used, and the multiple correlation coefficients is

2 2
r Ty + ey 2rxlxzrx1yrxw (3 62)
yxix2 )

1—r2 .

In this form the relationship between the independent variable Y and two depen-
dent random variables X, and X, is tested. In hydrological applications the graphic
coaxial correlation method is used for the multivariate correlation and regression,
e.g. for the rainfall — runoff relationship (Dub and Némec, 1969).

3.14 Statistical Estimation of Probability Distribution Parameters

The purpose of the statistical estimation of probability distribution parameters is
to provide information for scientific conclusions concerning mass reproducible phe-
nomena and processes, based on samples of observed and measured data. The re-
lationship between the population parameters and the sample estimator is inves-
tigated.

3.14.1 Estimators of Samples from a Population with Normal Distribution

The population is assumed to be infinite. Random or controlied samples from this
population have a finite number of elements (size). The parameters of the population
are related to the estimators derived from the sample. These estimators are known
functions of the sample elements, which are used in place of the unknown true values
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of the estimated parameters, Therefore they vary to some extent from sample to
sample. The main parameters and estimators are provided in Table 3.12.

Table 3.12 Main population parameters and sample estimators and their

notation

Quantity Population Sample
parameters estimators

size number of elements N (N - ) n
mean u(x) X
variance o*(x) s2
standard deviation a(x) 5,
coefficient of variation Cfx) C.,
coefficient of skewness C(x) C,,
coefficient of kurtosis E(x) E,
k-th moment m(x) m,,
k-th central moment M,(x) M,,
mean of sample means )
variance of sample means a3
mean of sample variances uls?)
variance of sample variances a*(s?)

Assume a population with normal probability distribution. The point and interval
estimates of the mean, variance and standard deviation of sample mean and variances
are given in Table 3.13.

A limited number of correlation and regression relationships for the other prob-
ability distributions of the population are cited in references (Sor, 1965). Their
analytical expression is often complicated and it is often approximated by trans-
formations to the normal probability distribution. Methods using the simulation
technique are promising for the derivation of estimates from the random series
generated.

3.1.4.2 Distribution Involved in Analysis of Variance

The distributions involved in analysis of variance are used in the estimation of
population parameters based on random samples from this population.

They include:

— Probability distribution chi-square; this distribution is used, for example, for



119

Table 3.13 Estimators of a sample from a population with normal probability distribution

Population parameter — quantity Sample estimator

mean of sample means ux) = plx)

variance of sample means

L. o ax)
standard deviation of sample means o(x) = 7
n
. 2 n-1 2
mean of sample variances us?) = a?(x)
2tn — 1
variances of sample variances o¥(s?) = ) o*(x)
n
olx
interval estimator for sample mean ux) —t, —(—) <X < px) + 1, ﬂ-xl
Jn Jn
"

. . . s L
interval estimator for sample variance Pay) < st < "N oaiy)
n

n

. . L /i 15
interval estimator for sample standard deviation " alx) < s, < ® alx)
n n

. . . . 2 2
interval estimator for sample variance of a large sample a'(\}( -1, J —> <st< az(x)<1 +1, \[)
. n n

x‘f, %} _, — tabulated values of a standardized variable having the chi-square probability distribution
for probability p = 1 — /2

A — tabulated values of the standard variable having the normal distribution for probability
p = 1 — /2, where « = level of significance

the sample standard deviation of a random sample from a normally distributed
population;

— Student probability distribution; the standardized value of the sample mean
if the sample standard deviation is used for this standardization, and also the stan-
dardized difference between two different samples from the same population have
Student distribution;

— Distribution F (Snedecor); this distribution is the ratio of two different varian-
ces of samples from the same population;

— The Fisher distribution is a logarithmic transformation of the Snedecor dis-
tribution.



Table 3.14 Distributions involved in analysis of variance

m — degrees of freedom

z — independent random variable
with normal probability
distribution

v - independent random variable
with chi-square probability

distribution

Quantity Student probability distribution Chi-square probability distribution Snedecor probability distribution F
r(m+1\ I‘(ml +m2\
2 2\~ mr iz 1 s m 2
pdt 5l = i+2) 5la?) = (e | )=
Jmnr (T) m 2 <T\) M op <ﬁ\ r <Ti
2, 2/ Y, 2y
m, (my/2)—1 m, = (mi+m2)/2
|—F 1+—F
my, / m, /
m
mean ut)=0 ) =m WF) = 2
~ my, — 2
m m* 2Am, +m, —2)
variance a?(t) = (%) = /2m o*(F) = ! 2
0=03 ) =v B = mim, - 9
coeflicient 2 2
of skewness Gy =0 ClrY) =2 \/;
i 6
coeﬂ'u:len.t E(f) =
of kurtosis m— 4
z/m um
remarks t = f m — degrees of freedom = !
Jo v/m,

u, v — independent random variables
with chi-square probability
distribution

Forz =41gF
Fisher probability distribution

m..m, — degree of freedom for v and ¢ resp.

1741
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The p.d.f. and the most important statistical moments of these distributions are
given in Table 3.14.

The application of these distributions to point and interval estimation of popu-
lation parameters and to testing statistical hypotheses is demonstrated in sections
3.1.4.3 and 3.1.5, respectively.

3.1.4.3. Estimators of Population Parameters with Normal Probability Distribution

The estimators are classified as point and interval estimators. In point estimation,
the population parameter is estimated by a single value. In interval estimation, two
statistics are determined in such a way that the estimated parameter will be inside
the interval bounded by them with a given large probability. Interval estimation is,
in general, more useful; the range of the interval is related to the accuracy of the
estimation.

a) Point estimation

The point estimator of the unknown population mean u(x) is the sample mean X,
ie. ji(x) = x. The point estimator of the population variance ¢*(x) is given by

1 n
S . (363)
n—1 i=1

¢*x) = —

n—1

Since the mean of the sample variances u(s?) is equal to

us3) = *(x) (3.64)

the point estimator of the population standard deviation is

- x) (3.65)

n - i=1
) Interval estimation

W1th probability p = 1 — «/2 (called the confidence coefficient; « will be defined

in section 3.1.5 as the level of significance), the population mean p(x) is inside the

interval

<u) <z 4+, 7 (3.66)

It is a two-sided confidence interval. The one-sided confidence interval with prob-
ability p=1—a is

u(x)<i+tp%

with lower boundary — oo - (3.67)
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or

ux) > x —t, i}x;)

The values t, are determined from the tables of normal distribution. If the popu-
lation standard deviation ¢(x) is not known, it is replaced by its point estimator s,,
and t, is determined from the tables of the Student distribution for m =n — 1
degrees of freedom, where n is the size of the sample from the population. The Stu-
dent distribution converges asymptotically to the normal distribution for n — co.

With probability p = 1 — /2, the population variance ¢(x) is inside the interval

with upper boundary + oo (3.67)

12 s2 < o%(x) < in s2 (3.68)
P 1-p

where xi is determined from the tables of the chi-square c.df. If the point estimator
of variance is known, the following inequalities can be written

n—1 n—1

— (%) < o*(x) < —

Xp Xi-p

¢*(x) (3.69)

Often the one-sided confidence interval is used for the determination of the upper
confidence limit of the unknown population variance

n
o¥(x) < 5— 52 (3.70)
Xi-p
or
n—1
o*(x) < —5— 6*(x) (3.70)
Xl -p
For large samples the confidence interval becomes
2 2

= & (3.71)

SR T Y
1+t,\/; l—tp\/;

where ¢, is determined from the tables of normal distribution (standardized variable ¢
for probability p = 1 — &/2).

The confidence coefficient p used for the estimation of population parameters is
often chosen in the interval 95 to 99 % (in exceptional cases 90 %). On the other hand
the necessary sample size can be calculated for a given confidence coefficient.

If the acceptable relative error of the mean is given by

9= Jn (3.72)
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then
_ (% Cv(x) 2
"= ( 9 ) (3.73)
where
C,(x) okx) (3.74)

~ u(x)
t, is to be found in tables of normal c.df. for probability p = 1 — /2

Example 1V

Calculate the interval estimators of the population mean and standard deviation
based on the sample of size n = 280 with normal probability distribution, sample
mean x = 10.37 and variance s2 = 0.225 from example 1. The confidence coefficient
is 99.59;, the level of significance is 1%,.

Solution

1. The confidence interval for p(x) is

d! d(x)
x-—p\/_<;t(x)<x+t\[
where t, can be found from tables of the Student probability distribution for
m=n — 1 degrees of freedom. In our case a = 0.01; m =280 — 1 =279; ¢,
= 2594 for p = 1 — 0.01/2 = 0.995.

d(x) is the point estimator of the population standard deviation that is calculated
as the sample standard deviation with denominator (n — 1) instead of n, i.e.

d(x) = s, = 0475
Substituting in (IV.1) we get

0.475 0.475
10.37 — 2594 ——= < p(x) < 1037 + 2.594 ——

/280 /280
10297 < p(x) < 10.444

2. The confidence interval of the population standard deviation o(x) is given by
inequalities

o(x) \/;? < o(x) < 6{x) \/’E (Iv.2)

For the confidence coefficient p = 1 — a/2 = 0.995,

279 [ 279
0475 |— < ( ) < 0475
Xo 995 Xo 005

(IV.1)
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In tables of the chi-square distribution with m = 279 degrees of freedom it was
found that

22 gos = 3436 and x2 .05 = 2219

giving
0.428 < o(x) < 0.533

3.1.5 Tests of Significance and Tests of Hypotheses

The testing of statistical hypotheses involves:

(1) Testing the values of parameters of the probability distribution that is assumed
to be known, and

" (2) testing the hypothesis of the possibility to fit some probability distribution.
A null hypothesis is formulated and its validity is tested with a certain high statistical
confidence; i.e. at a given level of significance o, this is the probability (small) of
rejecting the null hypothesis when it is true. Its value is selected arbitrarily, e.g. in
hydrology and WRS problems values of 1%, and 59 are mainly used.

Another, more general, possible classification distinguishes between the testing
of parametric statistical hypotheses (investigating parameters of the c.d.f. and their
sample estimators) and non-parametric ones (investigating other phenomena). The
methods of parametric and non-parametric testing may, but in some cases need not,
depend on the type of probability distribution.

3.1.5.1 Testing Parametric Hypotheses

Testing parametric hypotheses deals mainly with the problem of decision if a given
sample is a random sample from a population whose c.d.f. depends on a parameter;
this testing method has been thoroughly investigated for the normal probability
distribution: '

a) To testing the relationship of a population with mean y and the random sample
with mean X. ‘

The null hypothesis that the random sample with mean X was derived from a nor-
mally distributed population with parameters y(x) and o(x) is tested. The criterion
has the following form

ty = 'x_;(;“)(x_)'\/ﬁ (3.75)

or

ty = "_‘;S”(i)' Jn—1 (375
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The null hypothesis is accepted of ¢, < t,; ¢, (for probability p) is found in the
tables of normal distribution, using the test criterion (3.75) or the criterion (3.75)
for p=1 — a/2, ie. the level of significance is & = 1 — 2p.

b) To testing the relationship of the population with variance ¢*(x) and the ran-
dom sample with variance s2.

The test criterion with the probability distribution chi-square has the following
form

N

T o)

(3.76)

If x3 > xi-, (for n — 1 degrees of freedom) with s2 < o?(x)and y3 < x2 (forn — 1
degrees of freedom) with s2 > ¢2(x), the null hypothesis is accepted (i.e. the random
sample with variance sZ was derived from the normally distributed population with
variance 62(x)).

c) Statistical significance of the difference between two sample means.

Two independent random samples of size n, and n, and with means X, and x,,
respectively, are from the same population if

X, — X nn
to s T <, (3.77)
o(x) n, + n,
or
X, — X,l/ny +n, =2 nin
o= L% {‘ 2 P2 ) (3.78)
nyss + n,s, ng+n,

The value ¢, in (3.77) is the 100 p%, point of the normal distribution and in (3.78)
itis the 100 p%; point of the Student distribution at the level of significance « = 1 — 2p,
If the variances s and s2, are clearly different an alternative method of testing is
necessary (Votruba and Nachazel, 1969).

d) Statistical significance of the ratio of two sample variances.

Two independent random samples of size n, and n, with variances s2 and sZ,
respectively, are from the same population if
=2 2
o%(x,) si 5
Fy = =2t (fors; >s2)< F 3.79
0 a._z(xz) 5,2‘2 ( X1 xz) p . ( )

F, is the 100. p%; point of the Snedecor distribution F and the level of significance
is @ = 1 — p with (n, — 1) and (n, — 1) degrees of freedom. A few tests for a popu-
lation with other than normal probability distribution have been developed.
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Example V

Let the hydrological time series of annual flows Q, at point X for N = 100 years
be the population with mean yg{x) = 200.4 m* s '. Decide if the deviation of this
value from the sample mean X, = 196 m® s~ ! of a 30-year sample from this popu-
lation is statistically significant. The sample standard deviation is s2, = 65 m>s™".

Solution

Test the null hypothesis that the random sample with mean %, is from the popu-
lation with mean p{x) and standard deviation o(x), which is not known.
The test criterion has the following form

ty = = o)l ey l1_9§_;5£0;4l V30 — 1 = 0365 (V.L)
S

X1

For different samples with means X; the values t, have the Student probability dis-
tribution. The level of significance is @ = 1 — 2p = 0.05, therefore p = 0.975. For
this p and for m = n — 1 = 29 degrees of freedom of the Student probability dis-
tribution, the corresponding ¢, is

t, = ty.975s = 2.045

Comparing t, with ¢,
to = 0365 <t, = 2.045

From this comparison the following conclusion can be drawn. At the selected level
of significance o = 0.05 the null hypothesis that this sample is from the defined
population with normal probability distribution can be accepted. The difference
between the sample and population means is not statistically significant.

3.1.5.2 Testing Non-Parametric Hypotheses

The simple estimation of the theoretical probability distribution of a random
variable X can be uncertain. The testing of the qualitative and quantitative fit of the
theoretical and empirical c.d.f.s without testing their parameters can be performed
by the goodness-of-fit criteria included in non-parametric statistical testing methods.

a) Chi-square (Pearson’s) criterion

Let us test if the random variable X has the probability distribution of a certain
type given by the sample class frequencies. The test criterion is

w= X (n—;ffﬂ (3.80)
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where | is the number of classes,

n — sample size,

n, — class frequency of i-th class,

Jf; — theoretical probability in the case of an accepted null hypothesis (ac-
cepted type of probability distribution). For m =1 — ¢ ~ 1 (c = number of para-
meters of the c.d.f. used in the null hypothesis) and level of significance « = 1 — p,
the value x; is found from tables. If x3 < x2 the null hypothesis concerning the good-
ness-of-fit of the empirical and theoretical probability distributions is accepted.

b) Bernshteyn’s criterion
Bernshteyn’s criterion is constructed in such a way that the goodness-of-fit is ac-

cepted if

= i (" _ﬁ"f ) (381)

Table VI. I Computation of the value of the test criterion

Value Sample Theoretical | Adjustment
of frequencies | probabilities of the
class of occurrence|  marginal
mark intervals
i #) n-)
2
X; n; nf; nf; n—nf (n, — nfy? M
nf;
1 9.00 { 1.19
2 9.25 3 436 5.55 —1.55 2.40 0.432
3 9.50 11 12,14 12.14 —1.14 1.30- 0.107
4 9.75 24 26.00 26.00 —-2.00 4.00 0.154
5 10.00 42 43.00 43.00 —-1.00 1.00 0.023
6 10.25 62 54.50 54.50 +7.50 56.25 1.032
7 10.50 58 54.30 54.30 +3.70 13.69 0.252
8 10.75 44 42.05 42.05 +1.95 3.80 0.090
9 11.00 19 25.85 25.85 —6.85 47.00 1.820
10 11.25 9 12.15 12.15 -3.15 992 0.816
11 11.50 4 395
12 1175, ) 110 5.45 —1.55 240 0.440
13 12.00 1 0.40
y 5.166

*) The values were transformed by linear interpolation from the values for the lower bound of the
values for the lower bound of the class interval theoretical values in Table IV.2. (nh/s) f(t) = nf; to the class
mark. As the class length is small, this interpolation will not induce a significant error

**) The marginal intervals were joined in order to reach nf, = 5
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¢) Kolmogorov-Smirnov test

This is used for testing of the goodness-of-fit of the empirical and theoretical
cd.fs (or exceedance probability curves). The maximum difference between their
values (i.e. between the c.d.f. F(x;) and the cumulative frequency F,(x;)) determines
the probability

P{max |F,{x) — F(x)| > D(n)} = a | (3.82)

The values of the test criterion D (n) for the sample size n and level of significance «
have been tabulated. The null hypothesis for goodness-of-fit of the two functions is
accepted if

D = max |[F,(x,) — F(x;)| < Dn) (3.83)

Example VI

The goodness-of-fit between the empirical frequencies in example I that seem to
have normal distribution and the theoretical normal probability distribution is to
be tested.

Solution

a) Application of the chi-square criterion

Table VLI contains the observed frequencies and the corresponding theoretical
probabilities of occurrence in the class intervals. The input values in Table VLI
were taken from Tables 1.1 and 1.2. The value of the Pearson (chi-square) criterion is

i "f ) = 5.166 (VL1)

The degree of freedom for ¢ = 3 are

m=l—-¢c-1=10-3-1=6
For selected level of significance o = 0.05 and one-sided confidence interval with
p = 1 — a, the following values were found from tables:

Xoos = 12.6

and comparing
2=5166 < x% o = 126
Comparison of these values produces the following conclusion: the null hypothesis

concerning the goodness-of-fit of the empirical and theoretical probability distri-
butions at the chosen level of significance can be accepted.
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b) Use of Bernshteyn’s criterion
Bernshteyn’s criterion has the following general form

1 Lo(n — nf)?
-1 i=zl nf,-

The value of the criterion is

d ("i - "fi)z
i; nfi

If the number of the adjusted class interval is | = 10, then

(V1.2)

= 5.166

5.116 = 0.574 < 1

10 —1

Using this criterion for comparison the same conclusion can be made, i.e. the null
hypothesis concerning the goodness-of-fit between the empirical and theoretical
probability distributions at the chosen level of significance can be accepted.

3.1.5.3 Testing Hypotheses for Statistical Dependence of Random Variables

a) An infinite population with normal probability distribution has a linear statis-
tical dependence between random variables characterized by the coefficient of linear
correlation g. The random samples from it have correlation coefficients r. The test
criterion for checking the deviation of r from g has the following form

2z = u2)l
=" (3.84)

where z is a function of r and the transformation has the following form

1 I +r
=1 3.85
z 2 8 1—r ( )
with parameters
1+ 1+e,
- - 1 )
He) =35 lg T— % (3.86)
1
2() —
o¥(z) = — (3.87)

for sample size n.

The value t,, is compared with the critical value ¢, for p = 1 — « found in tables
of normal probability distribution. If ¢, < t, the deviation of r from ¢ is random and
and the null hypothesis (that this sample with r is from population with ¢) is accepted.
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b) Significance of the difference between two sample correlation coefficients r,
and r, is tested by the criterion

1 1o\
= - 3.88
to = lzy — 2, ("1 37" ", — 3> (3.88)

where z, and z, are transformed values of r; and r, respectively, using equation
(3.85), and n, and n, are the sample sizes of the correlated pairs. The value ¢, is com-
pared with the value ¢, from normal distribution for p =1 — /2. If t, <t, the
null hypothesis of statistical significance between r, and r, is rejected. Similarly, the
sample regression coefficients b, and b, can be tested by a test criterion with Student
probability distribution.

3.2 THEORY OF RANDOM PROCESSES
3.2.1 Basic Notions of the Random Processes Theory

The theory of random (stochastic) processes, as a discipline of probability theory,
deals with the investigation of random variables as function of variable parameters,
mainly time. Probability theory deals with the probability distribution of one ran-
dom variable or a finite number of them. On the other hand, the theory of random
processes deals with the statistical properties of different (often time related) random
functions describing the same physical phenomenon.

Typical examples of random processes in WRS are the time series of river flows,
precipitation, temperature, air pressure, and also the states of reservoir storage
volumes, etc. Two areas of water management were particularly suitable for the
application of the theory of stochastic processes, viz.:

(1) Processing of hydrological data and

(2) probability methods of reservoir design.

The theory of random processes, however, is of wider scope and application. Its
methods and procedures (often referred to as stochastic methods and procedures)
are used in the investigation of the properties of various random variables in many
technical sectors. They are very important in the treatment of WRS problems where
together with systems methods, they form the main mathematical research tool').

Quantitatively, the stochastic process is described by a random function of time
X(¢), the values of which at any time are random variables. The random functions

') Based on the theory of random processes, stochastic hydrology was developed as a subject that
investigates the stochastic properties of hydrological processes and constructs mathematical models of
them. There is an extensive literature on stochastic hydrology (e.g. included in Loucks et al., 1981; Yevje-
vich, 1976; Kos, 1982). The development of stochastic hydrology has been promoted at many symposiums
and conferences (e.g. Warsaw, 1971, Bratislava, 1975).
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are classified with respect to the continuity or discontinuity of the parameter on
which they depend: if this parameter is continuous, then the function is called a ran-
dom (stochastic) process; if it is discrete, then the function is called a random (sto-
chastic) sequence. The methods of their investigation are similar.

There is an analogy between the random variable and the random process: the
random variable is described by the set of all its possible values with the probability
distribution, the random process X(t) is determined by the set of functions obeying
the laws that describe the stochastic properties of this set. The particular functions
xM(¢), x3(t) ... are called realization of the stochastic process X(t). In practical
applications in WRS the recorded observations in a given time period, i.e. chrono-
logical arrangement of random variables, are considered as these realizations.!)

The probability properties of random processes are investigated, in general, for
the whole family of realizations. An idea of such a family is shown in Fig. 3.5 where
several possible realizations x(z), x‘(t), ... are sketched in one graph.

|

)
22

k)

! Fig. 3.5 Graph with several realizations of
T ~_w»{ a stochastic process

The stochastic properties of the set (family) of realizations are described by their
statistical characteristics (p.d.f., c.d.f. and numerical data, viz. k-th moments and
central k-th moments), just as in probability theory these characteristics express the
properties of random variables.

The principle difference is the time dependence of statistical characteristics, which
is what is used for classification of stochastic processes.

In graphical representation, the straight line t = t, (perpendicular to the time’
axis in a fixed point (t,, 0)) crosses the realizations of a set of random variables X,.
If an arbitrary value x, is chosen on this line we can investigate the relative frequency
P = m/k of occurrence of values x(t,),x(t,).... x™(t,) from the total number k
of realizations x®(t,) less than x,. For a large number k of the values of random
variable X ,, the relative frequency P converges under presumably “identical” con-
ditions to a constant value for each value x, (stochastic stability of frequency P).

') In sampling theory the realization of a random process can be considered as a chronological sample
of the population. An arbitrary sample, however, is not a realization.
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The c.df. of the random variable X, is the probability
Fi(x;, t;) = P(X, £ x,) (3.89)

which is a function of the selected level x; and the time ¢,. The subscript of symbol F
denotes the first-order (one-dimensional) c.d.f. of the stochastic process which apart
from dependence on t,, does not depend on the further development on the process.
An idea of the dynamics of the random process is involved in the investigation of the
relative frequency for two times ¢, and ¢, at the chosen levels x, and x, respectively.
In that case, the second-order (two-dimensional) c.d.f. is defined by probability

Fy(xp, t15 %55 8) = P(X, < x5 X, £ x,) (3.90)

which is a function of four variables x,, x,, ¢, t, and gives the probability that for time
= t, the random variable X(r) is below the level x, and also for ¢ = 1, below the
level x,.
In the general case, an n-th order (n-dimensional) c.d.f. is defined as the probability
that a random function will be at times ¢, t,, ..., t, below the values x,, x,, ..., x,.
The p.d.fs of the random process are defined as the partial derivatives of the c.d.f.
The first-order p.d.f. is defined as the function

filxy, ty) = %t—l) (3.91)

0x,

and it is called the probability distribution of the random process.
The second-order p.d.f. of the random process is defined as the function

O?F,(x,, 145 X, t,)
0x, 0x,

folxgs tys x5 1) = (3.92)

In general, the n-th order p.d.f. can be defined as the n-th partial derivative of the
n-th order c.d.f. with respect to n variables.

The calculation of the c.d.f. and p.d.f. of higher orders is difficult. Consequently,
it 1s often restricted to the calculation of statistical characteristics of the first and
second orders. The treatment of many WRS problems often does not require the
information provided by the p.d.f. and c.d.f. which would therefore be redundant;
the numerical characteristics of the process are frequently sufficient, e.g. the time-
related k-th moments of the probability distribution.

The first and second moments are the most important, i.e. the mean value of the
random process,

m(X(0)} = J " x 1) dx = ) (3.93)

- ©
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variance of the random process (second-order central moment)

M,{X(0)} = m{[X(t) — a]}? = jw (x — a)? filx, ) dx = o*(r) (3.94)

—

and the autovariance function of the random process (second-order mixed moment)

m{X(t;) X(t,)} = Jw J‘w X1X5 falxy, ty3 X, £5) dxy dx, = R(ty, 15)Y)  (3.95)

— a0 ~

3.2.2 Stationarity and Ergodicity of Random Processes

The stationarity of a random process can be defined by properties of the p.d.f. and
cd.f.

A random process X(¢) is stationary if all its p.d.fs of all orders do not vary with
the change of the starting time from ¢, to ¢, + 7. For all values of n and <,

flxnt X tys X t) = filx, 6 + TXpty + T35 X b, + 1) (3.96)

Stationarity of a random process can be defined with respect to independence of
the c.d.f. of all orders on the time origin. Therefore, if

Fxp,tysXptys s X t,) = FXg, 0 4+ T5X5, 1 + 75 005 X, 8, + 7) (3.97)

for any n and t the process is stationary.

Proving the stationarity of a random process in WRS contexts using conditions
(3.96) and (3.97) involves at intractable calculations. Therefore, the time independence
of statistical parameters of the c.d.f. is considered satisfactory and the dependence
of the autovariance (autocorrelation) function on the time lag t only is considered
as a single time factor.

Less strict requirements are used in weakly stationary random processes. Unlike
strictly stationary random processes which have to satisfy conditions (3.96) or (3.97),
a weakly stationary process has to meet the following conditions: (1) the mean value
is a constant (time invariant), (2) the autovariance (autocorrelation) function is
dependent on the time lag 7 only (the probability distributions have the same co-
variance matrix for all 7). A strictly stationary random process with a finite cova-
riance matrix is also weakly stationary. The converse, however, need not be true.

Random processes that do not satisfy the conditions of stationarity are non-
stationary. Fluctuations of statistical characteristics during the development of the
stochastic process are typical of them. Their investigation is, therefore, substantially
more difficult. The theory of non-stationary processes developed later than the

') Apartfrom the moments (3.93),(3.94), and (3.95), WRS problems need the coefficients of variance ()
and skewness C [t} required by Pearson’s probability distribution (type III) of the random process. The
meaning and method of calculation of the autocorrelation function is explained in section 3.2.3.
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theory of stationary processes. Therefore, an assumption of stationarity in hydro-
logical processes was applied in WRS investigations. However, non-stationary hydro-
logical processes, their probability properties and their effect on WRS are now being
investigated (Nachézel et al., 1975, Yevjevich, 1976).

The second important property of random processes that is related to stationarity
is ergodicity. A random process is ergodic if each statistical characteristic calculated
as the mean from set of possible realizations can be obtained (with probability con-
verging to one) from one realization of the stochastic process using a sufficiently
long time interval (i.e. a single realization yields sufficient information about the
process).

(1)
x_ (1)
x(zz)(t)

o Fig. 3.6 Several realizations
x () of a stationary ergodic ran-
+ 0 dom process

Ergodicity and stationarity are two different properties of random processes.
Every ergodic process is stationary; however, a stationary process need not necess-
arily be ergodic. Figure 3.6 contains an example of a stationary ergodic random
process with realizations that have a constant mean value in time. Figure 3.7 illus-
rates an example of a random process with realizations that have different mean
values in time. Sufficient for the ergodicity of a stationary process is satisfaction of
the requirement of a zero value of the time limit of the autocorrelation function for
7 — oo (for definition of the term autocorrelation function, see section 3.2.3).

x(1)(”/\/\—\/\-/\/\/\’

).((2)([) W

;((k)“) 0 "~ P /'\
L —

\/\\/\/\/\ Fig. 3.7 Several realizations of
a stationary nonergodic ran-
dom process

The definition of ergodicity implies that each statistical characteristic of a random
process can be obtained as the mean value of a family of realizations or as the mean
value of a family of realizations or as the mean value of a single realization in time.
The equivalence of these two methods of calculation of basic characteristics is
expressed in Table 3.15.
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Table 3.15 Statistical characteristics for stationary ergodic random processes

Characteristics | Mean value in time Mean value of family of realizations
1 +T -
X(t) = lim — x(t) dt at=J‘ x fi(x, t) dx
mean (1) TLm2TJ_T () (1) . filx, 1)
o 1 [T ©
variance x*}f) = lim —J x*(t) dr m,[ X*(1)] =J x? filx, t) dx
T 2T —-r —®
covariance x(t) x(t + 1) = m[X(r) X(t + 7] =
function +T © (o
= Tlim J x(t) x(¢ + 1) dt = .[ J X% f5(x > 815 X5 £5) dx, dx,
R —vY—-w

The usefulness of ergodicity of stationary processes is related to the possibility
of investigating a single realization during a long time interval instead of a large set
of realizations which often are not available. This property of random processes,
like that of stationarity, significantly facilitates the treatment of WRS problems.
However, the direct observation of hydrological phenomena is limited in time which
justifies a certain lack of confidence in the equality of the mean value determined
from a set of realizations and the mean value in time.

Xyt X0t

XX as(t) = ay(t)

|
|
: aylt)

1
0 1] tr ¢ o]

Fig. 3.8 Inner structure of realizations of a random  Fig. 3.9 Inner structure of realizations of a random
process — regular tendency process — irregular tendencies

323 Correlation Analysis of Random Processes

The full description of a stochastic process includes not only the p.d.f. and c.d.f.
and their characteristics but also the results of correlation analysis. Figures 3.8 and
3.9 contain examples of two random processes X ,(t) and X,(t), each with several
realizations having the same means and variances.
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The inner structure of random processes is remarkably different. For its identifi-
cation the autocovariance and autocorrelation functions have been introduced to
describe the correlation between the values of the process at any two times ¢, and ¢,.
The value of the autocorrelation function for the two given times is equal to the
correlation coefficient of the corresponding random variables').

The autocovariance function has been defined in eq. (3.95) and Table 3.15 shows
the mean values in time and the mean values of the family of realizations. In WRS
problems the covariance function of discrete random sequences is frequently cal-
culated from the covariances of random variables at times ¢, and ¢, by the formula

R(ty, to) = m{X(t,) X(t,)} (398)
where m, is the mean value of the product X(,) X(t,).

The transformation from the covariance function (3.98) to the central covariance
function (mixed central moments) is given by

R(t,, ty) = m,[X(t,) X(t,)] = m {[X(t;) — alt,)] [X(t; — alty)]} (399)

Dividing the values of the central covariance functions from eq. (3.99) by the
product of the standard deviations o X(t,)] 6[X(z,)] of the corresponding random
variables X(¢,) and X(¢,), the normalized covariance function, i.e. correlation func-
tion of the random process is

Ritn ) R(ty, 1) — alty) alty) (3.100)

it 1) = o[ X(t,)] o[ X(¢,)] o[ X(t,)] o[ X(t,)]

The values of the correlation function are the correlation coefficients between the
random variables X(¢t,) and X(t,). It can be shown that for ¢, = ¢, the value of the
central covariance function is equal to the variance, i.e.

R(t, 1)) = o?[X(t,)] (3101
and the correlation function is equal to one
o[ X(t
rty, tr) = {7[%5 =1 (3.102)
The principal properties of the coefficient of correlation imply that the maximum
value of the correlation function is one for ¢, = t,, i.e.
Ir(ts, )l < 1 (3.103)

The definition of the correlation coefficient implies positive and negative values
of the correlation function. If the time lag between the values X(¢,) and X(t,) is small

') Apart from the autocorrelation function.there are other types of correlation function which, how-
ever, have other meanings {see Bene§, 1970). When there is no danger of ambiquity, the simpler term
correlation function is used.
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(ie. t, — t, > 0), a close, positive correlation can be expected. For a greater time
lag, the correlation function can assume different values according to the degree of
dependence or independence. In any case, the values of the correlation function
should be statistically tested to distinguish the statistically significant values and
random fluctuations.

The correlation function is an important index for stationary and ergodic pro-
cesses. The covariance and correlation functions of a stationary random process
are functions of a single argument, viz. the time lag © = ¢, — t,, i.e. for the co-
variance function

R(t,, t,) = R(7) (3.104)
and for the correlation function

He) = @2‘_“2 - R_(;) (3.105)

ax Gx

The covariance function is an even function and hence
R(t) = R(=1) (3.106)

The same relationship holds for the correlation function?). ,

If the process is stationary and ergodic its correlation function is equal to the
correlation function of this realization.

A typical characteristic of a stationary random process is the decrease in inter-
relatedness between the random variables with increasing time lag 7, until, at the
limit 7 — o0, these variables are independent. Independence can be defined, for
example, in this way: for © > 1, the absolute value of the correlation coefficient is
less than some given number, e.g.

7)< 0.05 | (3.107)

where 1, is the time of the duration of the correlation.

!) These properties of covariance and correlation functions are important in practical applications.
If the correlation function depends on a single argument 7, then it expresses the relationship of random
variables with the time lag  irrespective of the time origin. As the correlations function is even, the cal-
culation can be performed with either a positive or a negative time lag. .

However, the correlation function of some special random processes and functions (e.g. a stationary
process with a periodic component, a non-stationary process, or periodic functions of various types) need
not necessarily converge. Their correlation analysis is based on the fact that the correlation function
of a periodic function is also a periodic function with the same period as the given function and inde-
pendent of the phase.

In fact, there are various types of correlation functions; they are distinguished by their form, duration,
convergence or divergence, periodicity or statistical significance of individual members, all of which
describe the nature of the random process and the consequences for further processing.
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If a series of discrete random variables is given in a certain observation period,
the correlation function can be calculated in two ways:

(1) The requirement to use a constant number of pairs of random variables results
in the calculation of the correlation function from its definition, i.e. the formula

,_i(xi — %) (Xise — i)
rr) = = y (3.108)

6;0;.dn —

Figure 3.10 contains the correlation function of the annual flows of the River Labe in the town of D&in
for the period 18511957, It is periodic in form, which is typical of many hydrological patterns. In
a long-term analysis, a period of 13 to 15 years can be clearly distinguished and proved by special analysis
(see 3.24).

Figure 3.11 shows the correlation function of the monthly flows of the River Labe in the town of D&€in
for the period 1851 — 1960. The correlation function is again periodic, but it has a pronounced annual
cycle of flow variation.

The long-term variations in the activity of the sun are important factors in the analysis of geophysical
and hydrological processes and their interrelations. Figure 3.12 contains the correlation function of the
mean annual relative Wolf numbers for the period 18311894 (the calculation was carried out up to time
lag T = 35). The pattern of this line is harmonic and regular, showing the well-known 11-year cycle of the
sun’s activity. Compared with the correlation functions of the flows or rainfall time series, in this case the
correlation relationship is very close, for direct or indirect correlation. The periodicity is obvious and
significant. ’
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where x; are random variables with values x, to x,,
Xite — random variables with values x, , . to x, ..,
7 — the time lag argument of the correlation function, for T =0 to

7 = m — n where m is the total number of elements in the series
(length of observation),
n — the chosen sample section of the series,
X, X;+, — the mean values of random variables x; and x, , , respectively, and
6, 0;,, — the standard deviations of these series.

The advantage of calculating the correlation function from formula (3.108) is that
all the correlation coefficients have the same weight, which simplifies the test of
statistical significance. The confidence limits are determined by the approximative
formula (Anderson, 1942)

-1+ t,\/n— 2

n—1

r,=
(for another method of calculation see (3.84) to (3.87)) where ¢, is the standardized
normal variable corresponding to the level of significance @ and p = | — « For the
usual levels of significance in hydrology viz. 1% and 59, t; 5o = 2.326 and t, 45 =
= 1.645.

(2) A disadvantage attached to formula (3.108) is that the correlation coefficients
do not include all the terms of the series and some information is lost. Therefore the
correlation function can be calculated by

Z(xi - fi) (xi+1: - x_i+t)

) = = (3.110)

0; 0 m — 7 — 1)

with the same meaning of the variables as in (1).

The disadvantage of the second method of calculation is the diminishing number
of pairs in correlation with increasing the time lag 7; the confidence of the values of
the correlation function decreases too. Anderson’s test of statistical significance
takes this fact into consideration and the confidence limits are calculated by
o Tt tym o2 (3.111)

P m—1—1

where m, 1, has the same meaning as in formula (3.109)"). The autocovariance and
autocorrelation functions are important for the investigation of correlation proper-
ties of one random process; the correlation interrelations of several random processes

'} The confidence limits for correlation coefficients calculated by (3.109) are constant; if calculated
by (3.111) they are a function of time lag 7 and their range increases, which expresses a stricter condition
for the statistical significance of the correlation function. '
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are investigated by cross-covariance and cross-correlation functions. The simplest
of these is the cross-covariance function of two random processes, which is defined
in the following way:

R, (1, 1) = m [ X(t,) Y(e,)] (3.112)

Ryx(tl’ t,) = ml[Y(tl) X(t,)] (3.113)
It is also

Ryt t2) = Ryfts: 1) (3.114)

The cross-covariances can also be calculated as the central and normalized mo-
ments when the cross-correlation function is obtained in the following form

R (tys t5) — m(t) m/t,)

roltn ) = = R T o Y] (.19
_ Ryx(tl’ tz) - my(tl) mx(tz)
ryx(tls tz) = G[Y(tl)] G[X(tz)] (3.116)

The pattern of the cross-correlation function indicates the degree of the correlation
relationship (coherency) between the realizations of the random process with some
time lag.

There are many types of cross-correlation functions similar to the autocorrelation
function, and they can be distinguished by the nature of the individual random pro-
cesses. Their investigation is the subject of specialist literature (Benes, 1961; Levin,
1965; Ventcel, 1964).

32.4 Spectral and Filter Analysis of Random Processes

The spectral distribution function and the spectral density function are further
important statistical characteristics of a random process or its realization, particu-
larly in the investigation of periodic properties. The spectral density function (s.d.f.)
of a random process X(t) is defined by the expression (Benes, 1961)

. 1 .
s, (@) = Tlgrc}o M l:ﬁ IXT(laJ)IZ:I (3.117)
where X f(iw) is the Fourier transform of the random process X(¢) in a finite interval
{—T, T (see section 3.4), and is given by '
X f{iw) = J X(t) e~ *dt (3.118)
where X(z) is defined by the interval (—T, T).
The spectral density function (s.d.f) is, in fact, a limit of expectation in a set of
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of periodograms for T— oo; the periodogram of a realization of a random process
is a Fourier transform?).

The s.d.f. (spectral density function) of a random process can be calculated from
its autocorrelation function. Wiener and Khinchin have shown that between the
autocorrelation function of a stationary process and its s.d.f. the following relation-

ships apply:

R(r) = wax(w) cos wt dw (3.119)
SJw) = % f wR(r) cos wr dt (3.120)

Equations (3.119) and (3.120), called Wiener—Khinchin equations, express funda-
mental and very important relationships as they facilitate the transformation from
one set of statistical characteristics to a second one (the s.d.f. is a Fourier transform
of the autocorrelation function and, conversely, the autocorrelation function is an
inverse Fourier transform of the s.d.f.).

If, analogously to the normalized autocovariance function, the normalized s.d.f.
is introduced

sd@) = =5 (3.121)

then equations (3.119) and (3.120) can be arranged in the form

r(r) = fowsx(w) cos wt dw (3.122)
s (w) = ; fowr(r) cos wt dt (3.123)

In some technical applications it is mathematically easier to express the spectral
and correlation functions by complex variables. Substituting in equations (3.122)
and (3.123)

eiwr + e—iwr
2

and letting s.(w) = 2s¥(w) and increasing the range to (- 0o, o), we get

CoOs Wt =

x

r(r) = J‘w sHow) " dw (3.124)

—®

!} The investigation of periodic properties of random processes using their spectra (spectral represen-
tation) is similar to harmonic analysis, which is used for the investigation of non-random processes.
Spectral analysis is a generalization of this by introducing the time expectation of spectral representations
obtained from realizations.
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1 [= .
sHw) = £ j rir) e dr (3.125)

— W

The s.d.f. 5,{w) differs from s¥(w) by different scales on ordinates and by s (w) not
being defined for negative frequencies (Fig. 3.13).

Fig. 3.13 The complex representation of the
sd.f.

Just as the pattern of correlation functions indicates the correlation tendencies
in the random process, the pattern of the s.d.f. shows its periodic properties. The
limiting cases with characteristic patterns of the s.d.f. are used as the basis for this
analysis. For example, a periodic function with the frequency w, has an infinite
value of the s.d.f. for the value w, (Fig. 3.14a). This limiting cases, however, is not
possible in an actual stochastic process in actual physical conditions. A stochastic
process with pronounced periodicity and with a periodic correlation function has
the s.d.f in a narrow frequency band concentrated around the givén frequency w,
where the maximum occurs (Fig. 3.14b).
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Fig. 3.14 Graphs of s.d.f.
a — periodic function, b —
1 narrow band spectrum pro-
2n cess, ¢ — white noise, d —
- broad band spectrum process
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The opposite case is the s.d.f. of a random process that is constant for all frequencies
(Fig. 3.14c). This process is called white noise and its values are uncorrelated for
any time lag t (with the exception of = = 0). Therefore its correlation function is

0 {1 fort=0 (3.126)
T) = .
d 0 fort+0

However, white noise is also an ideal process that does not exist in natural con-
ditions since the random functions with a small time lag are in almost all cases
dependent. In real processes which converge to white noise a broad-band spectrum
occurs (Fig. 3.14d), which can be considered constant in a given interval of frequencies.

White noise has a uniquely defined correlation function and s.d.f. However, they
do not uniquely define the probability distribution of the random process. Therefore,
white noise is an example of a group of random processes with the same correlation
function and s.d.f. but with different probability distributions (Levin, 1965).

Since the correlation function and s.d.f. are two statistic characteristics related by
the Fourier transformation, this relationship is often used in hydrology. Figure 3.15
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Fig. 3.15 Graph of the s.d.f. of the annual flow time series in the Labe River in the town of DéCin in the
period 1851 —1957

contains an example of the s.d.f. of the annual flows of the River Labe in the town of
Degin. In the graph, the most important extreme values are reached for T= 3 years
(range of short-term periods) and for T = 13 years (range of medium-term periods).
The maximum values for T = 20 and T = 42 years are less pronounced and for
T > 35 the spectrum has a broad-band character.

If a series of discrete random values is given, its s.d.f. can be calculated by the
formula (Reznikovsky, 1969)

1 m T 2nt
=—11+2 — —
S 2n [ + tg‘l (1 m + 1) r('c) cos T j| (3'127)
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where m should be limited by m = n/2 (n is the length of the input series). T is the
number of years related to the frequency by
2n
T ==
w

In expression (3.127) the various weights of the correlation coefficients of the
correlation function are taken into account (3.110).

If the length of the input hydrological time series is limited, the periodic pro-
perties determined by spectral analysis need not be statistically significant. The s.d.f.
has to be statistically tested; the numerical method of treatment is described in the
references (Reznikovsky, 1969; Votruba and Nachazel, 1971).

The theory of the spectral analysis of random processes was developed for station-
ary stochastic processes. It can be generalized by the Fourier transformation of
n-dimensional correlation functions to allow treatment of problems of non-station-
ary random processes (Batkov, 1959; Lebedyev, 1959; Leonov, 1956; Levin, 1965;
Pugachev, 1957).

The method of stochastic filters is a useful complementary method of time series
statistical analysis which_ involves the investigation of their periodic properties.
Filters are used for the estimation of random variables, the random components
being detected in a given random sequence and then separated. The underlying idea
is the concept of the realization of a random sequence as the sum of deterministic
variables and random variables in the form of white noise. By special algorithms
(filters) the two sequences are separated, which facilitates the probability analysis
of the input series.

The method of moving averages (smoothing of the sequence) can also be regarded
as a method of filters. The aim is the calculation of a filtered sequence with statistical
characteristics (viz. correlation function and s.d.f.) that can be more reliably used for
the determination of the nature of the sequence. That is the main practical purpose
of the methods of filters (Nachazel and Patera, 1974).)

32.5 Markov Processes

White noise cannot be applied in all technical problems as the random variables
are often stochastically dependent. Hydrological processes are typical correlated
random processes that have a great variety of properties. The investigation of random
processes with a general type of correlation function is often difficult because the

') In Fig. 3.16 there is an example of the s.d.f. of annual flow time series in the River Labe in the town
of D&in, filtered by binominal filters (Nachazel and Patera, 1974) in three alternatives. Their parameters
are interesting in that they indicate the medium-term period T=15 years as the most significant one for
all chosen degrees of the filter. This is a good fit with the estimated period of the correlation function of
the observed flow series.



146

development and history of the process (its inner structure) has to be followed in
large, theoretically infinite, time intervals. The idea of following the history of
a random process in a limited time interval led to the development of random pro-
cesses of special types, the theory being based on the work of the Russian mathema-
tician A. A. Markov (1856 —1922).")

If a Markov process is at time t, in state?) X(z,), then the probability of occurrence
of some future state depends only on X(z,) and not on the preceding history, i.e. not
on states X(z,), X(t) where i < j < k.

Markov processes can be classified similarly to general random processes using
the probability distribution and continuity of the time argument. In WRS issues
Markov processes with discrete time (Markov chain) are frequently applied.

Markov chains are described by the transition probabilities, i.e. by conditional
probabilities p; ; of moving from state X, at one time to some state X ; at the following
time. If the process can assume a finite number of states X |, X,, ..., X, then for each
state X, (i = 1,2,..., n) at time t, there are n probabilities P,; (j = 1,2, ..., n) of moving
from state X; to state X, at time ¢, ,. The total number of conditional transition
probabilities is n; they are arranged in a square matrix (n - n), called a transition
matrix, which has the following form

2 i
, Degrees of | ~ gi 18
N ‘,' the filter: | =29
~ N
»
, 1
|‘| T ]

40 50
—— T {Years)

Fig. 3.16 Graph of the s.d f. of the filtered annual flow time series in the Labe River in the town of D&&in

') The theory of Markov processes is now the principal section of the theory of random processes
(Dupag, 1955; Dupal and Dupacova, 1975; Dynkin, 1963). In WRS problems, Markov processes have
mainly been used in mathematical models of the hydrological processes and in the probability theory of
reservoir release operation. Some WRS optimization methods are likewise based on these principles.

?) The state is defined as the numerical value that the random variable X{t) can assume.
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P11 P12y -+ Pin
P = I:)ZI’ D325 «+s Pan (3.128)

Pn1s pn2’ i pnn

Each row vector of this matrix represents the transition probabilities of moving
from an initial state to all terminal states and, therefore, the sum of the values of the
elements in each row has to be equal to one

(;Zpu =1 fori= 1,2,...,n>.
=1

~ Each column vector represents the probabilities of moving from different initial
states to a given terminal state; the sum of the values of the elements in each column
can be different.
The transition probabilities of a Markov chain can be schematically represented
(Fig. 3.17) or a digraph can be used (Fig. 3.18) where the nodes of the graph represent

Xy © ° Xp
t:'/ o X;
o\o
X o ° X2
Xy ° ° X1
i P
Fig. 3.17 Schematic represen- Fig. 3.18 Digraph of transition probabilities
P p
tation of transition prob-
abilities

the states of the Markov chain and the arcs of graph the transitions between the
states. The missing arcs of the graph of the transition matrix 5- 5 indicate the zero
value of the corresponding element of the transition matrix (Benes, 1970).

The Markov process is determined by the transition probabilities from time ¢, to
times ¢, ;, L.+ 2 ... as indicated by its definition. If this relationship is confined to
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only two, successive times, the process is defined by a single transition matrix, i.e.
it is a first-order (simple) Markov process. If n relationships are taken into consider-
ation, compound Markov processes (or chains) or n-th order Markov processes
(chains) are formed.

The form of the Markov chain is often the basis of the mathematical models of
hydrological sequences. The hydrological time series is treated as a realization of
a compound Markov chain, where some correlation relation occurs not only between
consecutive elements of the sequence but also between the elements with time lag
2, 3, ..., ©. The conditional transition probabilities express the probability of occur-
rence of a random variable Q, on condition that, at the preceding times, the random
variables were equal to

Qi—l’ Qi—Z’ tre Qi—t

which can be symbolically described as

PQ/Qi-1s Qioas - Qi)

The corresponding conditional p.d.f. is

Q:fQi-1s Qizss -s Qi)

are the conditional c.d.f. is
F(Qi/Qi—l’ Qi 2 o Qi—:)

which is used directly for the generation of the random variable Q,. The conditional
c.d.f is determined by moments in the same way as the unconditional c.d.f.

The construction of mathematical models of random sequences is easier and more
accurate with normal probability distribution. In this case, an extensive knowledge
of the properties of normal probability distribution related to stochastic processes
can be utilized and the assumption of a compound Markov chain can be related to
multivariate regression analysis (Hajek and Andg], 1969).

If the c.d.f.s are skew, some functions are sought for transformation to the normal
c.d.f. or some other special methods are used. Experience has shown that these nu-
merical methods often affect the confidence of the mathematical model, and therefore
this fact has to be taken into consideration in the evaluation of the deviations of the
model output statistical parameters (Nachazel et al., 1975).
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326 Mathematipal Models of Stochastic Processes and Their
Applicationin WRS~

The importance of modelling of stochastic process in various technical tasks is
a consequence of the development of the theory of stochastic processes. Their ana-
lysis was considered complete if their characteristics were expressed analytically.
The analytical solution was regarded as a further stage of investigation regardless
of the mathematical difficulties and degree of tractability. Research development
has been influenced principally by the possibility of mathematical modelling of
random process realizations of arbitrary length and of using these realizations
without solution of the analytical problem.

Modelling of stochastic processes is widely used for WRS problems. The stochastic
hydrological time series facilitate the investigation of many aspects of the behaviour
of hydrological systems and, in addition, they form a basis for the solution of WRS
problems, including hydroelectric power systems, that otherwise could only be
partially solved, if at all.

This advantage, which also includes a higher degree of confidence in the calculation
of water supply reliability, is a major one and therefore future research into these
methods of modelling stochastic hydrological time series will centre on the theory
of reservoir storage and the theory of WRS optimization®).

In theory, mathematical models of stochastic processes are predominantly based
on the assumption of a regression relationship among the variables, on their periodic
properties or on a combination of both these principal attributes of stochastic pro-
cesses. Regression models have now been developed to such a degree that their
principles have been successfully applied to monthly hydrological time series and
the accompanying systems.

3.2.6.1 Model for Generation of Sequences of Annual Stochastic Hydrological
Variables

Applying the results of section 3.2.5, construction of the mathematical model of
annual values of random variables (flows, precipitation, etc.) is based on the assump-
tion that there is a linear regression relationship between the value generated at
time ¢ and the given values at preceding times (years) t — 1, t — 2, ..., t — k. This
relationship reflects the probability properties of the sequence observed (re-

') That is why such attention is being paid to the development of stochastic process modelling. In
Czechoslovakia, remarkable progress was achieved by, e.g., Votruba and Bro¥a, 1966; Kos, 1969; Vot-
ruba and Nachazel, 1971; Nachazel and Bure, 1973; Nachazel et al., 1975. These references include
a description of the development of these methods and a detailed explanation of them.
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alization) and the number of preceding times k is determined by the order of the
Markov chain. The mathematical model can be expressed by a recursive formula

z,=byz_, +byz,_,+ .. +bz_, +e, (3.129)
k+1<t=T
where T is the number of terms in the given realization (the length of the

time series observed),
by, b,, ..., b, — regression coefficients related to the correlation function and
e, — the residual random variable.

Formula 3.129 (often referred to as the linear stochastic regression model) is
often used for normally distributed standardized stochastic variables') which facili-
tates calculation and testing of regression coefficients b, (i = 1, 2, ..., k) and the
residual random variable e, They are derived by the method of least squares to
minimize the variance of the residual random variable ¢, Regression coefficients
can be expressed as follows:

_ D, _ D, b—PL
caay k—D

(3.130)

where D is the determinant of the set of linear equations, including the correlation
coefficients

1, ry, 1y oo 1y
l'l, 1, rl, ooy rk__v

D =
(3.131)

Fiots Temgs oo 1

D, is the determinant obtained by replacing the i-th column in D by the column
VECtor (ry, g «.u 1)

The standardized residual variance of the random variable ¢, is defined as the
difference between the total variance and its theoretically “explained” component i.e.

s*(e) = my(e?) =1 — byry — byr, — ... — byr, (3.132)

Often the residual variance (3.132) is calculated for a number of alternatives until
its minimum is reached. This alternative also determines the optimal number of
terms in the linear expression (3.129) which is equal to the order k of the Markov
chain.

') Transformation y = Ig (x — x,)} where x is the observed variable and x, is the lower boundary,
often normalizes the probability distribution (there are also normalizing transformations for the Pearson
probability distribution, type III — Kos, 1969; Votruba and Nachézel, 1971). Standardization is per-
formed by means of the formula z = (y — y)/sy where ¥ is the sample mean and s, is the sample standard
deviation.
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Because of the limited length of the observed time series the degrees of freedom
are accounted for by

2
T
$ = 7"{(%)?—1 (3.133)

The values of random variable e, are generated using the formula

e, = id, (3.134)

where 5 is the standard deviation, i.e. the square root of (3.133), and d, is the standard
random variable (white noise), which can be taken from the tables of random num-
bers but more often is generated by computers using algorithms for the generation
of standard random variables with a given probability distribution.

Having determined the regression coefficients (3.130) and the values of random
variable e, (3.134) we can generate a random sequence of desired length. If standard
and transformed variables have been used, an inverse transformation of the sequence
z, is necessary.

In Soviet water resource literature (Svanidze, 1964; Reznikovsky, 1969) special
linear regression models are presented, based on the assumption that the conditional
c.d.f. and the unconditional c.d f. belong to the same type and that they can be approxi-
mated by the Pearson probability distribution, type III, with C; = 2C, (the coefficient
of skewness is twice the coefficient of variation).

Stochastic sequences are generated for any order of the Markov chain by the
general formula

~ ‘ — o. D . D
=0, — =0, ) —Y 2) g [ 3.135
%=0- 20-;-0-) o D, T % /D.-,- (3.135)
where D is the determinant of the correlation matrix

Vi Fiim1y Tyi—2p -+ Tig—9
p =| f-1p T Tii—1p =+ Tig—c=1) (3.136)

Fitimtp -+ ri
and D; and D,;_ are supplements of the coefficients of correlation r; and ry;_;

respectively, in the determinant D. &, are the values of standardized random variable
with the Pearson cdf. with C, = 1 and C, = 2C, = 2.
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For a stationary sequence'),

Qi = Qi—l == Qi—j = Qi—: = Q

6, =0,_; =..=0,_; =0,_, =0

and the equation can be simplified as

_ i D,. . D .
Qi = Q - j;l(Qi—j - Q) # + ¢i0' ’D— (3137)

133 n

The conditional standard deviation and the coefficient of skewness are determined
by the expressions

=0 [— (3.138)

5 D
’ D,

Clrcma = : —— ' (3.139)
0- S0, - 0) 2

i

If the stochastic sequence is calculated in relative values then (3.137) becomes

-

D, D
- 1) —]')‘L—“ +9C, |5 (3.140)

i=1 ii ii

3.2.6.2 Model of Generation of Monthly Stochastic Variables

Generation of stochastic hydrological time series with a time interval shorter than
one year is more difficult than generation of annual time series, because the model
has to take into account the fluctuations of probability distributions of random
variables during the year.

'} Stochastical hydrological time series have been generated for stationary processes and some attempts
have been made to use non-stationary processes as well. In the Hydrological Department of the Faculty
of Civil Engineering (Technical University of Prague) research into some non-stationary hydrological
time series has been carried out on the basis of differences, in development of particular statistical charac-
teristics (Nachazel et al. 1975).

Annual flows were generated on the basis of periodic models. Their deterministic component is given
(as compared with the regression models) by a harmonic function, the form of which is optimized by
spectral analysis. The random component has the same meaning as in the regression models, and it is
often generated as white noise (Andél and Balek, 1969; Balek, 1975).

There are some special types of mathematical models formed as the sum of the deterministic periodic
and random regression components.
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Svanidze’s disaggregation method (1964) used the technique of double sampling
and provided a relatively good fit between input and output annual statistical para-
meters. However, disaggregation using the monthly “fragments”, in combination
with the generated annual flows, distorted some statistical characteristics of monthly
flows, and application of the method without careful analysis could result in incorrect
results (Votruba and Broza, 1966).

Remarkable progress in the generation of monthly flows was achieved by Kos,
1969. From many samples of observed time series, he proved that the principle of the
linear regression model can be applied to monthly flows where all possible com-
binations of correlation relationships are involved (e.g. between the time series of
monthly flows in February and January, March and January, etc.). Expression
(3.141) constructed analogously to (3.129) is the regression equation for the gener-
ation of sequences of monthly values in a chosen month m

Zc,m = bl,mzc,m—l + b2,mzc,m—2 + ...+ bk,mzc,m—k + em (3141)

where m is 1,2, ..., 12 (month of the year)
c — 1,2 .., T/12 (number of generation cycle — ie. year, where T = the
total number of month generated)
e,, — random deviate in month m

The monthly generating model requires twelve equations of type (3.141). The
generating process uses the step equal to 12, ie. in annual cycles: having chosen
12 random variables in the first year (e.g. by observed values or by monthly means),
in the second cycle the values z, ,, are calculated etc. In this manner a sequence of
random variables in chronological order is calculated analogously to the observed
time series. The unknown regression coefficients b, , and random deviates e,, are
determined in the same way as in the annual model. The regression coefficients are
determined by

D D, D,

bl,m = -T)l—"ia bZ,m = - > ey bk,~ = o (3142)

m m m

where the determinants D,, and D, ,, (i = 1,2, .., k) have the same meaning as in the
annual model but are calculated for each month m.
The residual variance in each month m is calculated by the equation

se,) = my(eZ) =1 = by Fim — bomtom — - = Diwliom (3.143)

A number of alternatives are used in order to minimize this variance and the corre-
sponding k is the order of the Markov chain.
Because of the limited length of the series

=2 _ ml(eri)c

= Ml b 3.144
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where

c_T
127

The random variates e,, in each month are calculated by

€n = S,d, ' (3.145)

The generating procedure has already been described. The last stage of calculation
is the inverse transformation of the generated values if standardization has been
used.

The goodness-of-fit of the linear regression model has been tested many times in
water resource research and hydrological studies by statistical and other tests, The
goodness-of-fit of input and output parameters was established and the deviations
were not statistically significant. If the order k is less than 12 the annual parameters
are not taken into account. A possible improvement of the model is being tested
(Nachazel et al., 1975; Kos, 1982).

In future development of monthly hydrological time series generation, the per-
iodic models could be tested according to the obvious annual cycle.

Attempts to use the methods described for daily hydrological time series have
failed; further research is desirable in this respect.

3.2.6.3 Model of Flow Generation in a System of Stations

The WRS model often requires as input values the monthly flows generated in
a system of stations. In this system the elements are stochastically dependent. There-
fore the stochastic time series has to be generated in a system to maintain the cross-
correlations, i.e. the cross-correlations of the generated time series should correspond
to those of the observed time series. The model of a system of stations should involye
two subsystems of correlation relations, viz.:

(1) The inner serial correlation of individual stations (with the length given by the
Markov chain) and

(2) cross-correlations among the flows in different stations.

The simplest method of modelling a system of stations is that of the central and
satellite stations. Using the linear regression model (see section 3.2.6.2) the flows
are generated in the central (the most important) station. Coincident flows in other
satellite stations are calculated by simple linear regression

Vise = Tin + biulxi; — X) + udy, (3.146)

dp = Su/1 = 1 (3.147)
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where y, ;, is the flow of serial number i, in month j, at point k,
y;x» — mean monthly flow in month j and at point k,

b, — regression coefficient in month i for the relationship between the
central station and the satellite station k,

x;; — flow in the central station of serial number i in month j,

X; — mean monthly flow in the central station in month j,

u, — standardized random variate,

s;x — standard deviation in month j at point k

rx — correlation coefficient in month j for relationship of flows between

the central station and the satellite station k.

Calculation by (3.146) and (3.147) proceeds month after month. For each combi-
nation of the central station with a satellite station 12 equations (3.146) and (3.147)
are necessary.

This method can be applied to synchronous or almost synchronous time patterns.
If the cross-correlation is low, this method may distort the serial correlation in the
satellite station.

Orthogonal transformation is a more general method of generating flows in
a system of stations. The principle here is involved in transformation of linearly
dependent (coincident) flows in each month in different stations to independent
(orthogonal) values. It is assumed that the observed flows x;, ;, in the same month j
but in different stations k form correlated random vectors that are transformed to
independent vectors by the expression :

Zie = D1 pXign T di2aXig2 T b GinaXign (3.148)
where i = 1, 2,..., T, (number of year of observation),
j =1,2,..., 12 (number of month),
k = 1,2,..., n (number of station)

In each month j the coefficients g, , , are functions of the correlation matrix with
the elements given by correlation coefficients between the coincident values x; ;,
for different k values. There are twelve such square matrices with the dimensionn - n
(according to the number of stations), each in the form

4,100 T2 oo g

20 522 5 Tiaw  where j =12, ..., 12 (3.149)

R R,

’},n,l’ ’},n,Z’ Mt rj,n,n

The matrix (3.149) is symmetrical about the principle diagonal, all the elements
of which are 1 (correlation of the flows in the same month and station).

The orthogonal transformation produces independent flows in fictitious stations.
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Its advantage is that the flows in each station can be generated independent of other
stations and for any conditions including the order of the Markov chain. After trans-
formation of the observed flows in all the stations individual time series are generated
for individual stations. Having finished this calculation, we proceed to the inverse
transformation that produces the output correlated stochastic flows in real stations.
The inverse transformation is described by the following equation

Xiike = PiaaZiji T PiasZiga t oot PiniZijn (3~150)

The coefficients p;,, are the elements of the inverse matrix of the original matrix
composed of elements g; , . Because this is an orthogonal matrix, its inverse matrix
is the transposed matrix where the rows are replaced by columns and vice versa.

Calculation of the coefficients g;,, or p; ., is relatively complicated, particularly
for a large number of stations. Therefore, computer software including special algo-
rithms (e.g. Jacobi procedure) can be found in specialized mathematical literature
(Evans, 1962; Naur, 1963).

3.3 MATHEMATICAL DESCRIPTION OF SYSTEM BEHAVIOUR
33.1 Introduction

Assume a system with all inputs and outputs specified and described. An analysis
of the system’s behaviour involves investigation of interrelations between all these
inputs and outputs and, in addition, the relationships among all the n elements of
the system and analysis of the individual behaviour of each element. Such a complex
analysis may be difficult even for a relatively limited system.

The behaviour of the whole system is given by the interrelations between its inputs
and outputs. The input X is given by p input components (p = 1) x,, x,, ..., X, S0
that it can be described by the input vector

X = (x, X3 ..0s x,) (3.151)

The output Y is given by g output components (g = 1) and it can be similarly de-
scribed by the output vector

V=00nrs) (3.152)
The behaviour can be symbolically described by transformation T
y = T(%) (3.153)

T is often called the transformation operator.

This behaviour can be deterministic or stochastic — the latter being the general
case of system behaviour. Deterministic behaviour can be classified as combinatory
of sequential. In combinatory behaviour, the transformation T is unique, ie. only
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one output vector ¥ corresponds to a certain vector X. In sequential behaviour, dif-
ferent responses correspond to the same stimulus in relation to the previous states
defined or to their sequences.

In this section we shall investigate that class of dynamic systems which have time-
variant general properties.

33.2 The Concept of Dynamic System Operator

A dynamic system (Fig. 3.19) with the input time-dependent function (process)
X(t) and output process Y(t) is described by

Y(t) = A{X(t)} (3.154)

where A is the dynamic system operator. It symbolizes the set of all mathematical
and logical operations applied inside the system S on the input process X(t) in such
a way that it is transformed into the output process Y(t).

xi(t) yit)

n /] A Dynamic system
il U—W V ] S

Stimulus x Response y

Fig. 3.19 Schematic representation of the dynamic system

The concept of the operator is a generalization of the concept of the functional
(see section 3.7), just as the functional is a generalization of the concept of a function.
In the case of the operator, a function (process) as the “independent variable” is
related again to a function (process) as the “dependent variable”.

The operator can be either linear or non-linear. Linear operators describing the
transformation of the inputs of a linear dynamic system are characterized by satis-
fying the superposition principle, i.e. for any input functions x,(t), x,(t), ..., x,(t) and
for any constant n, c,, ¢, ..., C,,

A {é‘c" xk(t)} - kgck Afx (1)) (3.155)

The result of the realization of the linear operator A to any linear combination
of input functions is equivalent to the linear combination of the results of realization
of this operator to the individual input functions.
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Similarly, for an input function given by a set of differential elementary stimuli,
the output function of a linear dynamic system is given by the integral of the corre-
sponding differential responses i.e.

4 { j " o) x(6 2 d/l} - f ") A, 2)} . (s

A A1

A distinction can be draw between homogeneous (e.g. linear operator of differen-
tiation, integration, multiplication by a function of time, etc.) and non-homogeneous
linear operators, which are composed of a homogeneous operator and a non-random
function of time.

The behaviour of the dynamic system S can be described by a hnear differential
equation with constant coefficients

d"y(t d"y(t dy(t
a"—dt—£~)+a"_1 dt"‘$)+m+al —%-&-aoy(t):
d™x(t) d™ x(t) dx(t) '
= bm ar + bm—l —dt;"‘_T + ...+ b "Ht'— + bOX(t) (3157)

or by a symbolic linear differentiation operator d*/d¢* = p* in the form

(@p" + a,p" '+ o+ ap + ag) M) =

= (buP™ + by P" 1+ ...+ byp + by) x(t) (3.158)
or, more briefly,

Ap) ¥(t) = B,(p) x(t) (3.159)
Hence

W) = z'"((;’ )) x(t) (3.160)

The ratio B,( p)/A ) is an important characteristic of the operator of a hnear
dynamic system, and it is called the transfer of the system.

The non-linear operator (operator of the second and higher powers of the input
function, operator of trigonometric functions, etc.) similarly describes non-linear
dynamic systems.

Example VII

Assume a system S with input process x(t) and output process y(t).
Determine its operator if

x() = acos{t) and y(t) = —asin (1)
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Solution

Denote the operator of this system by A. Since

d(a cos 1) .
T = —qgsint (VIII)
the operators A equals
a4 (VIL2)
T dt '

A is the operator of the system S and it is called the differentiation operator. This
operator is linear and homogeneous if relationships (3.155) and/or (3.156) are satisfied.

33.3 Dynamic System with Random Inputs and Outputs

The input and output functions of a system can be random time functions. If
these functions are stationary, i.e. invariant to the time origin, the system is called
a stationary dynamic system; the opposite is a non-stationary dynamic system where
achange in time of occurrence of the same stimulus results in a change in the response
(Fig. 3.20).

]
yit) \ ,,\x\mt !
W ! g |
|
| |
: : I [
al ! T !
i o h
0 4 T fgtr i
| |
ylt) | :
[yto], Py, =il /)
I I ! |
! | |
b) . ‘ |
] ! '
| L
0 ¢ NS T
| Fig. 3.20. Schematic represen-
yit) tation of the response of
stationary and non-stationary
systems
a — stimulus, b — response
o) of a stationary system, ¢ — re-
sponse of a non-stationary sys-
tem
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Random process occur frequently in the inputs and outputs of dynamic systems
in WRS contexts. In general, it is assumed that the input and output processes are
non-stationary. Assume a non-stationary dynamic system described by the linear
operator A,. The homogeneous linear operator A, can be separated in the trans-
formation, i.e.

Y(r) = 44X ()} = A{X(0)} + o(1) (3.161)

where ¢(t) is a non-random time function.

An input stochastic process X(t) can be described, in general, by a non-stationary
mean m.(t), standard deviation s(t), autocorrelation function r(t, ) and possibly
by an adequate theoretical probability distribution f(x, ). Similarly an output
stochastic process Y(t) is described by quantities m,(t) and s,() and functions r.(t, 7)
and f,(y, t), which can be derived from the input data. Then we get, for example, for
ml)

my(t) = M[A,{x(t)}] + o(t) (3.162)

where A, is the homogeneous linear operator and M [ | means mean value (expec-
tation) of the expression in brackets.

The calculus of operators was developed for the solution of differential equations.
It is closely related to Laplace integral transformations. The symbols of the calculus
of operators can be applied in problems of input/output relationships of dynamic
systems.

Sometimes it is useful to represent mathematically the relationship between the
inputs and outputs by the convolution integral in the form

W) = jtx(t) W — 1) de (3.163)

where x(t) is the input time function,
) — the output time function,
h(t — 1) — the transfer function,

1

(-1

time arguments,
the time lag (difference in time between the occurrence of stimulus
and response).

The transfer function h(t — ) is a characteristic of the transformation operator of
dynamic systems, and it is similar to the transfer of linear dynamic systems. A further
generalization the concept is the notion of the kernel of the system (see section 3.3.4).
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334 Mathematical Formulation of the Behaviour of Stochastic
Hydrological Systems

Dynamic systems with stochastic behaviour are frequently encountered in WRS
investigation. Moreover, these stochastic systems are, in general, non-stationary
and their behaviour is described by non-linear transformations.

The general form of the above-mentioned mathematical description is particularly
applicable to some hydrological stochastic systems.The transformation of inputs to
outputs can be given in the following form, assuming the linearity of the model
(Strupczewski, 1975).

3(0) = Hulx(0] + Hx0)] | (.16

where x,(f) is the deterministic input component (deterministic input signal),
x(t) ~ stochastic input component (random input signal),
H; — linear operator of the deterministic input signal,
H_ -~ linear operator of the stochastic input signal.

5

This concept is related to some hydrological stochastic models and their trans-
formations (Kisiel, 1969, Yevjevich, 1976, Dooge, 1972). The behaviour of a com-
pound linear hydrological system can be described by a convolution integral in the
following general form (Huthmann, 1975)

W= 3 JmMﬁ)&h~—t)dr+~dﬂ (3.165)

i=1 Jo

Inputs System Output
(transfer function)
!
X.'(t) h1('l)
| |
x{t) )
| |
t -
X(t) i hIN | P U )
____+ a7
( | z(4)
l | Rundpm component
xlt) {_ hy (noise)
e |

Fig. 3.21 Schematic representation of a compound linear stochastic system
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where N is the number of inputs,
¥(f) — output,
x{t) — i-th input,
h{t) — i-th transfer function related to the i-th input,
z(f) — random component (noise).

A schematic representation of this general form is given in Fig. 3.21. This formal
relationship was applied by G. Huthmann in the determination of the maximum
basin runoff.

A similar, more complex case with a non-linear transformation operator is given
in general form in equation (3.166). The behaviour of the system is described as
a multiple-dimensional convolution integral

@ o @ n
W= J J Wty 75 -0 7) [IX(E = 1) dry, .0, dy (3.166)
i=1l J-0 - . i=1
where x(t is the system input,

W) — the system output,

h{(ty, T3, ..., 7;) — is the kernel of the system’)

This approach to the description of a complex, non-linear system involving the
determination of the kernels of several orders was used by N. Wiener. In hydrology
contexts, only the kernel of the first order, i.e. the transfer function, has a clear physi-
cal meaning. The kernels of higher orders have to be interpreted. Quimpo modified
the relationship (3.166) to a finite sum of integrals in the form

W =3 r r et ) e = ) (e~ 52t = 1)y

Rae)

(3.167)
and found the solution of the kernel of the second order h,(t,, 7,) which is a certain
generalization of the transfer function.

The non-linear model of the rainfall-runoff relationship, the behaviour of which
is described by the general equation (3.167) was successfully used for the n-day fore-
cast of flows. This application showed the possibilities and advantages of this ap-
proach to the treatment of problems in stochastic hydrological systems. However,
further applications are envisaged after comprehensive improvement of mathemat-
ical procedures aimed at discretization of the relationships describing the behaviour
of the system and after a deeper physical interpretation of the kernels of the system,
which are generalizations of the transfer function concept.

') The concept of the kernel is defined in the solution of integral equations (Rektorys, 1963). The kernel
is a function K(x, s) in an integral equation of the second kind in the form

769~ [ K9 10 = ot
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34 FOURIER TRANSFORMATION

34.1 Introduction

In the investigation of WRS hydrological processes the concept of spectrum and
the spectral density function (s.d.f.) are often used (Votruba and Nachazel, 1969). In
the theory of spectral analysis, a transformation from the linear time argument to
the frequency characteristic is performed, which facilitates and improves the inves-
tigation of complicated stochastic and deterministic processes. Various transfor-
mations are necessary in the determination of relationships between WRS inputs
and outputs. The choice and analysis of such transformations in various present-day
tasks of water management by means of the systems approach has not yet been
developed to the stage of implementation so their practical importance is not obvious.
However, they are promising elements of the theoretical basis. In inputs and outputs
of dynamic systems, processes (time functions) of various types can be found. The
basic classification criterion is their deterministic or stochastic nature. Deterministic
(non-random) processes can be described by exact mathematical relationships, sto-
chastic (random) processes cannot. The deterministic processes can be further sub-
divided into several groups (Fig. 3.22).

Harmonic

= Periodic

Polyharmonic

Deterministic
processes

Almost harmonic

— Aperiodic

Transient

Fig. 3.22 Deterministic processes classification

Harmonic processes of a periodic function can be described in a compact and
simple form by an elementary discrete spectrum with one non-zero value (see section
3.2.4 and Fig. 3.14a).
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A polyharmonic process, which occurs more often in reality, is formed by the
combination of two of more elementary harmonic processes, assuming that the ratio
of the lengths of the periods for each pair of harmonic processes are rational numbers.
In the opposite case the process in question is called almost periodic; it is composed
of sine curves not only of divisible periods but with all possible periods where also
an infinite period may appear. These cases occur if two or more independent har-
monic processes are combined. For the polyharmonic or almost harmonic processes
the spectrum can be expresses by several discrete values; in the case of almost har-
monic processes some remainders are left over.

The class of transient processes includes all the other cases of periodic processes
that occur in many physical contexts. The difference between harmonic, polyhar-
monic and almost harmonic processes, on the one hand, and transient processes, on
the other, is obvious from the different form of their spectra. Transient processes
cannot be expressed by a discrete spectrum. In almost all cases, however, their
spectra can be described by a continuous function using the Fourier integral, which
facilitates the transformation of all these types of processes to a comparable level.

X(l) -af >
“for 120
x(t) = {Ae or
0 for t <0
A
0 t

a)
x(t) Ae "cosbt for t 20

x(l)=

0 for t <0

Fig. 3.23 Examples of aper-
iodic processes and their

spectra

Similar relationships hold for stochastic processes and therefore the use of the
Fourier integral and the Fourier transformation facilitates the application of the
unique method of investigation of processes occurring in the inputs and outputs of
dynamic systems and of their relationships irrespective of the different characteristics
of these processes.

Figure 3.23 shows an example of two transient processes with continuous spectra.
Both these time functions can be applied in hydrology and WRS, the first case (a)
being an exponential function and the second case (b) a function approximately har-
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monically damped. Changes taking place in them during the transition of the process
through the system will be followed up. Using the argument of the spectral function,
which is @ = 1/T (where T is analogous to the length of the period of periodic func-
tions), the Fourier integral may be expressed in the form:

X() = r’ x{t) ¢~ 27" dt (3.168)

-~

where 1 is the imaginary unit \/—:T (in the general case, spectrum is a complex
function) and x(t) is the input process with the time argument ¢, the spectrum of
which is to be found.

Using the modulus (mean value) of the spectrum |X(w)| and the argument O(w),
the complex form may be written

X(@)l = X(w) - el®@ (3.169)
The spectrum of function (a) has a broad-band character (Fig. 3.14d), whereas that
of function (b) has a narrow-band character (Fig. 3.14b).

342 Fourier Series

The periodic function x(t) with period T can be represented as the sum of a finite
or infinite number of simple harmonic components (sine curves). If the periodic
function analysed, x(t), is bounded, piecewise continuous, and if it has inside the
period T a finite number of extrema, it can be written in the form

x(t) = Ao + Y A, sin (koot + o) (3.170)
k=1

where Ay, A4,, ..., 4;; o4, &5, ..., &, are constants corresponding to the particular
harmonic components and w, the frequency, equals 2n/T.

This equation is the general expansion for a periodic function x(t) into a trigono-
metric series. If a new time argument is introduced

2nt

== = —— .1
T=o0r = (3.171)
so that
T
t = P (3.172)

its function f{(t) can be written in the form

a

t . t
fe)=ay + Y (ak cos 2nk T + b, sin 2nk ?) (3.173)

k=1
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where a, = A,
a, = A, sin o,
b, = A, cos o,
k =123,..).

The expansion of the function x(t) and f(z) in the form (3.173) is called the Fourier
series in the real form. In complex (exponential) form it is

A~ ¥ ¢e* (3.174)

k= —o0
where
_%

CO 2 N

¢ = 9"—_2—‘173 if k>0,
+1ib, .

¢, = % if k<o, (3.175)

i is the imaginary unit
or in a complex representation by one equation for ¢,

1

¢ = 5= | f)e * dr 3.176
2 ) ( )

where k=0, +1, +£2,....

The expansion of a periodic function into a Fourier series simplifies the math-
ematical expression of very complicated functions that are important for technical
applications. The known spectrum of a periodic function facilitates analysis of the
behaviour of a system if the periodic functions are applied in the system input. This
holds for both deterministic and stochastic periodic functions, assuming that the
spectrum can be represented in this form.

34.3 Fourier Integral

The Fourier integral is a generalization of the expansion of functions, including
aperiodic functions. In the Fourier series expansion the number of harmonic func-
tions could be infinite, but the number of the frequencies was finite. If the sum of an
infinite number of simple harmonic functions is expressed with frequencies that
differ by an increment approaching zero, a Fourier integral results. However, it
exists and it can be calculated under certain conditions called conditions of con-
vergence. :
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Figure 3.24 shows a schematic representation of the spectrum of an aperiodic
function given by a continuous or piecewise continuous curve, and the discrete
(point) spectrum of a polyharmonic function with three components T, T, T; with
frequencies w,, m,, s, respectively. The spectrum of an aperiodic function can be
described by a continuous, often bell-shaped curve, with the ranges of frequencies
(w,, w,) and differences between successive frequencies equal to the differential d,,.

Sw) Slw

|
|
{

| |

o

L

0wy Wy Wy=wyrdw Wy, u=+ 0 w w wy u=—}-

a) b)

Fig. 3.24 Schematic representation of spectra of aperiodic and periodic functions

A sufficient condition of the Fourier integral convergence for the function f(t) is
the existence of the improper integral

I= r \f(2)l dt (3.177)

the function f(z) is assumed to be piecewise continuous with a finite number of dis-
continuities and local extrema in each finite interval At. At each point 7, inside the
finite interval (—4; 4) (and |4| > t,; the function f(z) is differentiable),
a e knt . kmrt
o=+ 3 (acos 2 4 pysin 15 3178

k=1

If the coefficients a,, a,, b, of this expansion are expressed in an integral form, we
1
get'):

1 [ (fo0 .
flzg) = EJ do | fltjcosw(r — 1) dr (3.179)
0 v~
For formal reasons we replace t, by 7 and 7 by t:
1 (> f* 0
1) = Ej do | fl)cosw(r — t)dt (3.180)
0 o -

') A detailed mathematical description can be found in the mathematical literature (Lapa, 1971;
Raven, 1966).
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If the function f(t) is integrable in the interval {~ co0; o0), and if it possesses in any
finite interval At a finite number of discontinuities, then the expression (3.180) holds
for every point where it can be differentiated, and it is the Fourier integral. This
integral (rather, two-dimensional integral) can be written in a complex form

6= 5, [ao]” gemra (3.181)

—

which is related to the complex (exponential) form of the Fourier series.

344 Direct and Inverse Fourier Transformation

The complex form of the Fourier integral can be modified to the form

() = %r Uw £l e dt] ¢ doo (3.182)

where e
f ) fe)e™** dt = Flw) (3.183)

This relationship between the complex s.d.f.,, F(w), and the real function of time
f(z) is called the Fourier transformation (direct Fourier transformation) (Fig. 3.25),
and for the time argument defined by (3.171) is has the following form

Flw) = f fl) e7*dr (3.184)
Expressing the function f() by its s.d.f. sighificantly facilitates the investigation
of dynamic system behaviour as a response to this function.

Inverse Fourier transformation
-1
‘( fir) =9 {Flw)} )—‘

General aperiodic Spectrum F(w)

) function f{r) F(U)Of function f(r)

Direct Fourier transformation

Flw) = ¢ {f(v)} 3———

Fig. 3.25 Schematic representation of the direct and inverse Fourier transformation
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The reverse of the direct Fourier transformation in the form (3.184) is the inverse
Fourier transformation in the form

fx) L j‘w F(w) e dw (3.185)

=57; .

Instead of the complex form (3.185) the real form of the inverse Fourier transfor-
mation can be used

fir) = % LGO[A((») cos wr — B(w) sin wt] dw (3.186)
where
A(w) + i Blw) = F(w) (3.187)

where 4(w) is an event function and B(w) is an odd function.

345 Spectrum of a Unit Impulse

In the theory of dynamic systems and their models the unit impulse is often applied
to their inputs. It can be described by the Dirac delta function (Dirac unit impulse)

fl)=0 for TE(—OO; —;—)te(g; oo>
f(r)=% for re<—§;§) (3:188)

where ¢ is a positive number that converges to zero.
The Dirac function is aperiodic and if eq. (3.187) is used for it, we get the following
Fourier transform

® £/2
F(p) = j flR)e Fdr = J ! e Fdr = 1 (es? — e7%1?) (3.189)

- —-&/2 € Ep

The limit of (3.189) for the duration of unit impulse ¢ — 0 is

) .
lim | = (e2/2 — e~} | =
lim [8, (e e )] 1 (3-190)
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’

The Dirac unit impulse of the length &, approaching zero and its spectrum in-
cluding all possible frequencies from zero to infinity with a constant amplitude are
shown in Fig. 3.26.

al

f{7)
1
€
0 T
bel
b) Flw) Fig. 3.26 Schematic representation of the
Dirac impulse and its spectrum
1 a — Dirac unit impulse, b — spectrum of the
" Dirac unit impulse
0 @

34.6 Characteristic Function of Random Variable

The random variable X can be described by its mean value M[ X, p.d.f, f(x) and
other parameters, but, in addition, it can be handled in some random variable
operations, by the mean value of the complex exponential function

M[e"] = g(t) (3.191)
which is called the characteristic function of this random variable. This represen-
tation was introduced by Lyapunov (Ventcel, 1962).

The relationship between the p.d.f. and its characteristic function is, in fact, the
direct Fourier transformation, which can be written for a continuous random vari-
able in the form

olt) = j " e f(x)dx (3.192)

-~
and, for the discrete random variable with probabilities p, corresponding to random
variable values x,, in the form

glt) = X € i (3.193)

The inverse Fourier transform is

flx) = \/—12‘; f:e’“" g(r) dt (3.194) |
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The two basic properties of characteristic functions are:
(1) If X and Y are random variables related by the linear transformation Y = aX
where a is a non-random coefficient, then

g,(t) = g {at) (3.195)
(2) Assume n random variables X, X,, ..., X, and their characteristic functions
95,(8), 9,,(1), ..., g, (¢), then the characteristic function of the random variable

Y = Z Xy
k=1
has the following form
00 = 0001000) - 0.0 - 0.0 = 1100 (3.196)

An example from hydrology and WRS problems could be to determine the p.d.f.
of a random variable Z which is the sum of two independent random variables X
and Y with known p.d.fs.

Using the second basic property of the characteristic function we get from g,(t)
and g,(t)

g.(t) = 9.(t) 9,(t) (3.197)
hence
flz) = E%J‘_w e iz g () dt (3.198)

However, the same problem can be solved by other methods, e.g. using the convolu-
tion principle (see section 3.5.7).

3.5 LAPLACE TRANSFORMATION
3.5.1 Introduction

The Laplace Fourier integral transformations are the basis for the description of
dynamic system behaviour. Just as for the Fourier transformation, the principal
idea underlying the Laplace transformation is the transformation of the time argu-
ment to the frequency one; the investigation of the input real time function is replaced
by an analysis of its spectrum, which is generally a complex function. In many appli-
cations the conditions of convergence of the Fourier integral transformation (3.181)
are not satisfied and its calculation is not possible. In this sense, the Laplace trans-
formation is more useful, particularly for technical problems.
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The use of integral transformations in research of systems behaviour in hydrology,
theory of storage and WRS is not yet extensive enough to allow an evaluation of the
potential advantages of each method; however, they form an important theoretical
basis.

The Laplace transformation and its modifications replace aperiodic functions by
the sum of an infinite number of damped or exponentially increasing harmonic
components, whereas the Fourier transformation applies the simple (not damped)
harmonic oscillations. The existence and applicability of the Laplace transformation
is not universal; for the condition of its convergence see section 3.5.2.

3.5.2 Direct and Inverse Laplace Transformation

The direct Laplace transformation (or simply Laplace transformation) is given
by the integral

L = ) = | 10 (19)
-0
where p is the complex variable p = a + if,
[ — frequency,
¢ — limit of convergence, i. the real component of the complex number
Relp) =a 2 c.
The function f(t) is assumed to equal zero for ¢ < 0.

The symbol L [ ] is formally used for the Laplace transformation; the argument
of this expression is called the original and by its transformation the transform is
reached. The original f(t) and its transform F(p) form a unique transformation pair
(Fig. 3.27).

Direct Laplace transformation

l__( L) =_Zf(t)éf'dt =Flp) >——&

Original Transform
f{t) F(p) = Fla+if)

Inverse Laplace transformation

C+im

U F (o= i [ Fipré'ap

€&~

Fig. 3.27 Schematic represen-
tation of the direct and in-
verse Laplace transformation

The inverse Laplace transformation is an integral expression converting a func-
tion F(p) back to the original time function f() from which it came. The symbol
L~ [ ]is used for it
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1 ¢+ ioo

L7'Fp)] = /() = 5 - F(p) e™ dp (3.200)
A function f(t) is Laplace-transformable if:

(1) the function is piecewise continuous and unique in any time interval At (time
functions are investigated),

(2) is has to be of exponential order, i.e. for each « > 0 the following inequality
has to be satisfied (for M < o)

llim e™* f(e) < M (3.201)

(3) the real component of the complex number a in (3.199) has to be greater or
equal to the limit of convergence c.

353 Laplace—Wagner Transformation

The direct Laplace—Wagner transformation is defined by the integral

a

L] = | 70 o = R (3200

V]

and it gives p times greater transforms than the Laplace transformation. It has
similar conditions of convergence to the Laplace transformation, viz. Rep)=azc
where c is the limit of convergence. ‘

Its application to technical problems is helpful as it retains the dimension of the
original function. In the Laplace transformation the dimension of transformation
is equal to the product of the dimension of the original function and time. The
Laplace—Wagner transformation facilitates the checking of the dimension during

the calculations.
The inverse Laplace-Wagner transformation is given by the expression

L™ F(p)] = ! Jmm %&) e dp = f(1) (3.203)

2mi o

The Laplace-Wagner transformation is formally identical with the calculus of oper-
ations which has been traditionally used in electrical engineering,

Example VIII
a) Calculate the Laplace transformation of the unit step function in the form

1 if t=20
fley = {0 6 1<0 (VIIL1)
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Solution
Using (3.199) and assuming that f{t) = 0 for ¢ < 0 we can write for f(t) = 1
* ° i1
L[11=F(p) = | e Pdr = | e @iolgr = — = — VIIL.2
)= F) = [ o= | - (vin2)

The value 1/p is the Laplace transform of the unit step function').

b) Compute the Laplace-Wagner transformation for the same function

Solution

Using (3.202) we can write

Mﬂ=ﬂw=pffwm=p—=l (VIIL3)
0 p

The Laplace-Wagner transformation of the unit step function is equal to one.

3.54 Basic Properties of the Laplace-Wagner Transformation

The basic properties of the Laplace—Wagner transformation for L-functions, i.e.
Laplace transformable functions (see section 3.5.2) can be stated in a few points.
Each of these properties is, in fact, a theorem, the proof of which can be found in
specialized mathematical literature.

a) Transform of a sum of functions

For n functions fi(t), f(¢) ... f,(t) and their Laplace-Wagner transforms
Fy(p), Fy(p), ..., F,{p), the transform of the sum of these functions is equal to the sum
of the transforms of each individual function, i.e. the Laplace-Wagner transforma-
tion is

LLAE + £0 + . + £0)] = Flp) + Bp) + - + Flp) (3.204)

This property is called the theorem of linearity of transformation and it is a con-
sequence of its integral nature.

b) Transform of the function multiplied by a constant

For any constant the function f,(t) = af () possesses the transform F,(p) = « F(p).
Combining these two theorems, we get for the two functions f(t) and g() and the
constants a, b

Lla f(t) + bg(t)] = a F(p) + b G(p) (3.205)

!} The unit step function does not possess e.g. Fourier transformation.
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¢) Transform of a function with change of time scale
For any § > 0,

LLf(B)] = F (%) (3.206)

This property is called the similarity theorem of transformation.

d) Transformation of delayed function

For each real § > 0 the function f,(t) = f(¢t — ) delayed a time ¢ is shifted to the
right on the time axis and f,(t) = O for ¢ < 8. Its transform is

Fi(p) = L{f(t — 8)] = e™* F(p) (3.207)
For the function f,(t) = f(t + 6) shifted to the left on the time axis the transform is
Fy(p) = LLf(t + 8)] = ¢ F(p) (3.208)

e) Transform of derivatives
Assume that f{t) is continuous and differentiable in each interval Az. Then the
Laplace-Wagner transform of its first derivative with respect to time is

F) = L[ & 160 | = olrtp) - s00] (3.209)

If all the derivatives of the function f(¢) at point ¢t = 0 take on zero values then the
transform of the n-th derivative is

n

Fotg) = L] & 10| = o F0) (3.209)

f) Transform of integrals
Assume, as in the preceding case, that f{(t) is continuous and differentiable in each
time interval At. Then the transform of its integral [} f(u) du is

wr) = 1| [ e =2 Fo) (3210

Assuming that the n-dimensional integral exists for every n, that it is continuous and
is of exponential order in the sense of the Laplace transformation convergence
(section 3.5.2), then its transform is

1
“F(p) = — F(p) (3:211)
p
g) Convolution of transforms
The transform of the product of two functions f(t) and f,(t) with transforms
F,(p) and F,(p), respectively, has the form

o) = LU0 601 = 2 [ LR L R - g pa1y)
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which can be written in a symbolic form

F(p) = F\(p) * F;(p) (3212)

and is called convolution of transforms.

These properties can be effectively used for the computation of transforms of
complicated functions without tedious calculation of the integrals that identify the
transformations.

3.5.5 Use of Dictionary of Laplace Transforms for Inverse
Transformation

In practical calculation of systems theory problems where the Laplace or La-
place-Wagner transformation is used, the most difficult part is the determination
of the original function to the resulting transform defined by the inverse Laplace-
Wagner transformation given by the general equation (3.203). Numerical calculation
of this integral may be so difficult that the use of the Laplace-Wagner transformation
would not be effective or advantageous. The simplest method of dealing with this
problem is the application of the dictionary of Laplace—Wagner transforms, i.e.
tables of the most frequent functions f(f) and their transforms F(p); they include
also the basic properties and theorems of the Laplace-Wagner transformation.
They can of course, be used for the determination of the inverse transformations.

The detailed dictionaries of integral transforms are extensive, and they are pub-
lished separately (e.g. Erdélyi et al., 1954} or are included in the specialized literature
(e.g. Ditkin and Kuznyecov, 1954; Salomoun, 1957). Table 3.16 provides an example
of the headings in this dictionary and some of its functions and operations.

The first part includes the transform pairs for

— unit function,

— unit Dirac impulse,

— exponential function and its supplement to one,

— sine function.

In the second part the basic properties and theorems are listed for:

— the direct Laplace-Wagner transformation,

— the inverse Laplace—Wagner transformation,

— the Laplace—-Wagner transformation of constants,

— linearity of Laplace~Wagner transformation,

— multiplication of the original function by a constant,

— similarity theorem for the Laplace-Wagner transformation.
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Table 3.16 Sample of the dictionary of Laplace-Wagner transformations

I. Laplace-Wagner transformations

original f(r) (1 = 0) transform F(p)
1 1

) p

ete pllp ¥ a)

1 —e** allp + a)

sin ft I p? +17)

11. Basic transform properties and theorems of the Laplace-Wagner
transformations

original f(¢) (t 2 0) transform F(p)

f(0) mef(r)e"" dr

L),

- jm e Fp)

A + ff1) Fi(p) + Fylp)

(1) cF(p) :

flain) F(p/a) J
L

3.5.6 Inverse Transformation by Heaviside Expansion

The Laplace-Wagner transformation often results in transforms in the form of
a fraction of two polynomials of the complex argument p. The corresponding original
function can be derived, in principle, by four methods; here the method of the residue
theorem of the complex variable is used, which results in the Heaviside expansion.

Other methods e.g. partial fraction expansion with terms that are simple trans-
forms, graphic solution of transforms and model technique seem to be more effe-
tive only for special types of problems.
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The principle of the inverse Laplace-Wagner transformation by the Heaviside
expansion is the representation of the integral for the direct Laplace-Wagner trans-
formation as the main value of the Cauchy’s integral that is expressed by
1 crif F.

f(t) = — lim J —(p—) e” dp (3.213)
c-if P
Assume that F(p) is given by a fraction of two polynomials M(p) and N(p) in the
form

M(p) bp™+b,_p" '+ ... bp+ b,

Flp) = =) _ for (m < 3214
(v) M pPra_ '+ +ap+a, or {m = n) ( )

The expression F(p)/p in e.g. (3.210) is then the fraction of two polynomials (3.214)
with m < n and the integral can be replaced by a summation in the form

1) = ,-io pxéf?;.) e (3.215)

which is called the Heaviside expansion. Parameters p; called poles are the simple
roots of the equation

plp" + a,_ P+ ..+ apta)=0 (3.216)

The original function is then determined for each term of expression (3.215) using
the transformation linearity theorem and the dictionary of transform pairs. If the
required pairs cannot be found in this dictionary, an expansion of the integrand to
an infinite series is performed, which may result in simpler functions which can be
found in it. If that is not the case, the integral representing the transformation is
evaluated by graphic or numerical methods using computers.

Example 1X
Determine the original function to the Laplace-Wagner transform in the form
wp
Flp) = 55— IX.1
(P) W + p? ( )
Solution
If
wp M 14 /
Fip) = —22— = M) (x.1)

T o+ Np)
then equation (3.216) has the following form
plp® + @®) =0 (1X.2)
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Its roots are

po =1
Pio =~ "1« w? (IX.3)
hence
py = iw
p; = —iw (1X.3)
Substituting them in equation (3.125) where N'(p,) = 2p; we get the original function
fit)= Mip,) et + -——M(pZ) eP? =
Py " 2p, Py 2p;
wpy Pt wp, 2t ® pit @ pat
=—— e+ S e = — e+ — e =
2pi 2p; 2p, 2p,
ﬂ fot _ T Giof it _1_ —iwt _
T lw " Ziw 2 A
it __ L —iwt
= Z'e = sin wt (IX-4)
1
This can be simply checked. Using the form
iot _ L—iot
sin ooff) = ——— = (IX.5)
2i
and rearranging to
2isin w(t) = el — e7i"
then
i L[sin (U(t)] = L[eiwt _ e-iu;t] — L[eiwt] . L[e—“iu)!] —
R p _ 2iwp
Tp—iw p+io  p+ ol
as 2i # O the expression
2
2i L[sin oft)] = ;zi%
18
. wp
L = —5——= IX.6
fsin eo(r)] Pt ol (1X.6)

and that is the transform of the desired function (IX.1).
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3.5.7 Inverse Transformation by Convolution

The preceding examples illustrated the problem of the Laplace-Wagner trans-
formation of a function, which can be expanded into the sum of simpler functions.
In the control of complex systems there are functions with the transform in the form
of a product of two or more transforms of simpler functions. In this situation the
convolution principle can be applied.

Assume that functions f(t) and f,(¢) are Laplace-transformable L-functions and
functions F,(p) and F,(p), respectively, are their transforms. Then it can be shown
that

0 =1 B () au = 500+ 0) p21)

where the notation f,(t) » f,(t) means convolution of the original functions f,(t) and
/»(¢) and the integral

70 = | A - 0 500 au 6218)

is the convolution integral. The inverse transform of F,(p) - F,(p) is the function g(¢)
that can be expressed as a derivation of the convolution integral with respect to t, i.e.

o0 = LR ED] = 5 | A= ) £ (3219

The integral (3.218) is generally solved by the method per partes and there are four
alternatives of its application to the function g(r)

o0 = 10 5000+ | 160 L= au.
g(t) = £i(1) £2(0) + U:fl(t - u) %(f) du (3.220)
o0 = 700050 + | - B
0 = 700010+ | ) L= g,

The integrals (3.220) are called Duhamel integrals. The integral exists if the derivatives
of f,(t) and f,(t) are continuous for ¢ > 0. The values f,(0) and f,(0) are the values
of functions f,(t) and f,(¢) at time t = 0+.
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3.6 Z-TRANSFORMATION

While the Fourier and Laplace transformations were developed for continuous
time functions in system inputs and outputs, the z-transformation is a method
intended for discrete sequences often used in hydrology and WRS problems (Del-
leur and Rao, 1971).

The z-transformation is defined by the transformation pairs:

X() = 3 x{nAf) 2~ (3.221)
and
x(n At) = E% §X(z) 2" ldz (3.222)

where z is a complex variable, i is the imaginary unit, and x(n Af) = x(At), x{2 At) ...
are the terms of the transformed sequence.
The line integral § X(z) z"~' dz is around the unit circle.

The z-transformation is sometimes referred to as an extension of the Laplace
transformation, which is related to the possibility of its representation as a discre-
tization of the Laplace integral by summation, which is formally identical with
(3.221) with substitution of z = e”*.

The transformation relationship between inputs and outputs is simpler for z-trans-
formation than for Fourier or Laplace transformation. The z-transformation is con-
sidered in the form

Y(z) = H(z) X(z) (3.223)
or Y@)
z
H(z) = X0 (3.224)
where X(z) is the z-transformation of inputs x(n At),

Y(z) — the z-transformation of outputs y(n At),
H(z) — the transfer function.

3.7 BASIC NOTIONS OF CALCULUS OF VARIATIONS
37.1 Application of Calculus of Variations in WRS

Mathematical representation of reservoir release control and WRS problems can
take the form of the functional equation or the calculus of variations. That is frequently

the case with optimization of control based on Bellman’s or Pontryagin’s principle
of optimality (Part], 1968).
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Variational equations in a general integral form for the optimization of reservoir
or reservoir cascade operation used for hydroelectric power generation have been
set up Kartvelishvili, 1970).

The calculus of variations is an important mathematical technique for technical
and economic problems that otherwise could not be solved. It has penetrated into
the world of WRS problems and has become useful tool for reservoir and WRS
operation. As its implementation is desirable the principles of this method are
outlined.

3.7.2 Functional

The calculus of variations is applied to the exact mathematical solution of optimi-
zation problems. One of its basic principles is the functional I[y(x)]. This can be
interpreted as a generalization of the concept of the function where the independent
variable is a certain function. Methods of finding the extreme of functions are well
known. The calculus of variations investigates the possibilities and methods of
functional minimum and maximum.

In general, the functional can be considered as a dependent variable with values
determined by the choice of one or several functions from some particular class.

Fig. 3.28 Schematic representation of func-
tional notion explanation

Lig=1=yx)] = J“ \/ﬂ ydx

X0

An example of the functional is one problem of determination of the segment [,
of a curve in the plane connecting two terminal points A and B (Fig. 3.28). Assume
that this curve is described mathematically by the function y = y{(x). The solution
of this problem of the calculus of variations is the determination of such a function
y = ¥(x) so as to make I,, minimum. This function is obviously a straight line

ATy P, (3.225)

y:)’1_xl_x0
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373 Variations of Argument and Distance of Functions

Assume two functions y(x) and y,(f) in a particular class of function, which can
vary. Then the quantity

oy = y(x) — y,(x) (3.226)

which is formally some “difference function”, is called the increment or variation of
argument (variation of function) y(x) of the functional I{ y(x)].

Functions y{x) and y,(x) are at small distance in the sense of the distance of zero
order (they are in the neighbourhood of zero order) if [y(x) — y,(x)| is small.

y
Fig. 3.29 Schematic represen-
tation of the distance of func-
tions
a — zero order, b — higher
orders

0 I3 0] x

a) b)

The distance of k-th order is defined as the maximum of: (1) difference [y(x) — y,(x)|
in the interval x € {a, b)> where both functions are defined, and (2) the differences

ly'(x) — ¥i(x)

) — yx)
where (k) is the k-th derivative'). A schematic representation of the distance of zero
order and of higher orders is given in Fig. 3.29.

3.7.4 Some Properties of Functional

a) Continuity of functional

Continuity can be defined using the idea of distance of the k-th order. The func-
tional I y{x)] is continuous on the curve y,(x) if > 0 such that for each ¢ > 0 for
all the functions y(x) for which the functions are defined and that satisfy

x) — yg(x)l <3
Y(x) = yolx)l < & (3.227)

y®(x) — ¥l < 6

') If the functions have small distances of the k-th order it is not necessary for the differences
Iy(x) — ¥{(x)i to be small for r 2 k + 1.



184

the following holds:

Myx)] = yo(x)]l <& (3.228)

b) Linearity (homogeneity) of functional
A functional is linear (homogeneous) if it satisfies the conditions:

I[eyx)] = el yx)] (3.229)

(c is an arbitrary constant) and

yix) + y2(x)] = Myi(x)] + Lyalx)] (3:230)

¢) Variation of functional
The concept of variation of a functional is based on the idea of variation of an
argument (function). The increment of the argument is

5 = 5x) — 1) (3231)
and the corresponding increment of the functional is

ol = I[y(x) + dy] — Iy(x)] (3.232)
which can be written in the form

oI = I[y(x); dy] + B[¥(x); dy] max |5y (3.233)

The first term [ y(x); 8y] is a linear (homogeneous) functional in 8y and is called the

variation of the functional If )(x)] or the main component of the increment of the
functional.

The second part of the expression for the increment of the functional given, the
functions B[ )(x); 5y] converges to zero if the distance max |8y| — 0. It is obvious that
the variation of the functional is analogous to the differential of functions.

Define function ¢(«) of one variable (parameter) a:

o) = I[yx) + ady] (3.234)
where y(z) and Jy are constants.

The variation of the functional I[ y(x)] can be expressed as the derivation of the
function (3.234) with respect to « at the point « = 0, i.e.

a% IDy(x) + ady], (3:234)

d) Extrema of functional

The functional assumes an extremal value for a function y = y(x) if the corre-
sponding variation of functional 8/ is equal to zero. The notion of the extrema of the
functional can be specified and made precise by the order of the distance of curves
¥(x) and y,(x).

The functional I[ y(x)] takes on its maximum value if its values are not higher on
any curve y = ){x) in the neighbourhood of the curve y = y,(x) than on this curve, i.e.
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of = I[y(x)] = Iyo()] £ 0 (3.235)

If the increment of functional 8/ is equal to zero for the functions y = y(x) only,
then this maximum is called a strict maximum.

On the other hand, the functional I[ y{x)] takes on its minimum value for the func-
tion y,(x), if 8 2 0. The extrema of functionals can be classified further into weak
and strong.

The functional possesses a weak extremum if it occurs on a curve y = y,(x), which
has a small distance of the first order for all curves y = y(x).

The functional possesses a strong extremum if it occurs on a curve y = y,(x) which
has a small distance of zero order for all the curves y = y(x). It can be concluded that
a necessary condition for the existence of the extremum of a functional I[y(x)] of
the function y = y,(x) is satisfaction of the relationship

) + 2]l = 0 (3236)
Hence
58& Iy, 2] .0 = 0 (3.237)

where y(x, «) is a family of curves starting with the curve y = y (x) for « = 0 and
ending with the curve y = y,(x) + dy for o« = 1.

e) Functionals of several functions and multivariate functions

These types of functional have the form

I'=1{y,(x), y2(x). .., vfx)] (3.238)
and
I=1z,0x1, Xg0 o X,)5 25010 Xg0 ooy X, )5 005 205 X202 X)) (3.239)

For example, for the functional I = I[z(x, y)] the extremum can be found using
the condition

% I[z{x,y) + 6z] = 0 (3.240)

where d(z) is the increment of the function z = z(x, y).

375 Two-Fixed-Point Boundary-Value Variation Problem

The simplest type of functional is

mm:ﬁfbw@%gkx (3201)
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Assume that the feasible functions y(x) that satisfy this functional have their two
terminal points fixed on the abscissa x, and x,, and that the function F is differenti-
able up to the third order. The problem of finding the extremum of this functional
is called the two-fixed-point boundary-value problem in contrast to some problems
where there is some degree of freedom for boundary values, and which are more
complicated and more difficult to solve.

The extremum of functional (3.241) can be found on a curve y = y(x) where
ol = 0.

y
Fig. 3.30 The relative position of the desired
(/) and the compared (2) curves in compu-
tation of the extremal curve for the two-point
0 boundary-value problem
X

Assume some feasible curve in small distance of y = y(x) in the sense of the dis-
tance of the k-th order k > 0 (see Fig. 3.31). Both these curves y(x) and y,(x) belong
to a parametrized family of curves y(x, x) with one parameter o, i.c.

Yx, @) = y(x) + oafy;(x) = y(x)] (3242)

where y,(x) — y(x) = dy is the variation of function y(x).

In this one-parameter system of curves the desired curve y(x) can be found for
a = 0 where the functional I[ y(x)] assumes its maximum, and the corresponding
curve y,(x) for « = 1 (Fig. 3.30).

In the following calculation, instead of the functional I[y(x)], the function ¢()
of the parameter o, defined by equation (3.234) is investigated. The necessary con-
dition for the existence of the extremum at point & = 0 is d(p/docIFO = 0, which can
be written for function ¢(«) as

ola) = f U [x, e o) 2 (s, a):| dx (3.243)

X0

Differentiating de/da and letting d(p/doc|a=0 =0 we get

X1 , ay
[ (2o o
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where
G, Jy
F, = 3 F [x, ¥x, o), = (x, oc)]
and (3.245)
F’=—a——F x, y(x, o) @(x o)
y a ay b bl b ax 2
O0x
Equation (3.244) can be further simplified to
X1 d ,
L {Fy ~ 5 Fy] dydx =0 (3.246)
Using the principal theorem of the calculus of variations') in equation (3.246),
d .,
F,- - F=0 (3.248)

Equation (3.248) is the Euler equation, one of the principal equations which have
to be solved in the calculus of variations. It can be written in a general form

y = yx, C,, Cy) (3.249)
where the constants C; and C, are determined from the initial conditions
Wxo) = yo3 ¥xy) = (3.250)

The integral curves (3.249) give the solution of the problem as they are extremal
curves of the functional of the type (3.241).

Example X

Given the functional
n/2

Nyx)] = f [V — y*}dx (X.1)
0
with the boundary values

T
y0) =0; y <§> =1 (X.2)
Find the function where it assumes its extremum.
'} If the function @(x) is continuous in the interval (x,; x,> and if

JX' &(x) n(x) dx = 0 (3.247)

then for any function #(x) satisfying any general conditions (e.g. differentiability to the k-th order and
given boundary the values x of the interval etc.), for x & (x,; X0

®(x) = 0 (3.247)
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Solution

Functional (X.1) is of the type (3.241). Therefore the following partial derivatives
are calculated

0 r
F,=— F(x,y,¥) = —2y

y = 3y
Fy = Z Flx, y,y) =2y -
oy
and the Euler equation is written in the form
R (X4)
-4 (2v) =0
hence
V' +y=0 (X.5)
The solution of the differential equation (X.5) is the function
y=C,cosx + C,sinx (X.6)
Using the boundary values (X.2) we get
C,=0; C,=1 (X.7)
and the extremal function of the function to be found is
y = sin x (X.8)

3.7.6 Principle of Two-Free-Point Boundary-Value Variation
Problem

In these problems it is assumed that one or both terminal points [x,, yo s [X1, ¥1 ]
in a two-dimensional problem are free. The class of feasible functions including the
extremal function is thus enlarged. The function to be found is again the solution
of the Euler equation, which contains two free constants since the differential equa-
tion is of the second order. In a two-free-point problem one or both boundary-value
conditions (3.250) are not applicable. The values of the constants are calculated using
condition that variation of the functional has to be equal to zero, i.e. 61 = 0.

Assume a fixed point [ xo, y, ] Then all extremal functions will pass through this
point and form a bunch of curves (Fig. 3.31a).
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Assume that the point [x,, y, | moves on the curve

yi = @(x;) (see Fig. 3.31b) (3.251)

In such a case, an additional condition is applied in the form of approximate equality
of the variation of the boundary values 3y, and the differential of the function ¢(x,),
ie.

oy, ~ @'(x,) 6(x,) (3.252)

Y

al bl

Fig. 3.31 Bunch of extremal curves in the two-free-points boundary-value problem
a — fixed terminal point [x,, yo}, b — fixed terminal point [x,, y,] and the point [x,, y,] on a curve

¥ = olx,)

3.7.7 Application of Calculus of Variations for Stochastic
Optimization Problems

Use of the calculus of variations for optimization problems and the differences
in its use for deterministic and stochastic optimization problems are illustrated by
a case study of water resources and hydroelectric systems.

Kartvelishvili, 1970, described a case study of the long-term operating policy of
a single-purpose reservoir used for hydroelectric power generation in a system of
thermal and water power plants.

The continuity equation relating reservoir inflow Q,(t), release Q,(¢), quantity of
water in reservoir W and any change in that quantity in the form of a derivative
dW/dt can be written in the form

dw
dt
If no spills occur (all the release passes through the turbines) the average power
production of the water power plant in a particular time interval is the function

N(t) = N[Q(t); W] = N [Ql(t) -4 W] (3.254)

Qz(t) = Ql(t) - (3'253)

dt
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where the change of the reservoir storage W also determines the change of the head
of the water power plant. If the total load of the power system in time ¢ is S(¢) then the
load of the thermal power plants is

N(f) = S() = N |:Q1(t) - 5‘dv—tV; w] (3.255)
Normal operation of the power system is assumed where deficits can occur due
to low flows (water power plants) or due to insufficient supplies of fuel (thermal
plants).
In any time interval {t,, ¢, a proportion of the losses is due to reservoir operation
policy as given by the reliability theory (Ireson, 1969, Mirtskhulava, 1974) and it
can be expressed by the relationship

t2
Z, = j e P¢TM B dt (3.256)
t

where p = 1/T,
T — is the economic lifetime,
loading function of the thermal power plant in the power system

B=B8B {S(t) - N [Qz(t) — dstV ; W]} (3.257)

o
|

or, in brief,

B=B [r, 0,(t), W, %V] (3.257)

The expectation of losses is minimized. The solution of the optimization problem
taken as a deterministic one is the best operation policy W = W(t), sometimes called
the operation strategy. The expression (3.255) is the functional equation.

If the stochastic approach is used for optimization, then the formulation of the
problem must be modified. The extremal function that has been found for time ¢,
determines the operation policy for the whole time interval {t,, ¢,>. In the deter-
ministic model the same information is used throughout the whole interval {z,, t,).
In the stochastic model the stage of the system can change at each time ¢t € {t,, £,).
At the point t, a prediction of the inflow Q,(r) is possible. By means of this and
hydrometeorological, water management and balance data, the optimal operation
policy can be selected; it is denoted by W, ,(¢). At a chosen time t' > t, an improve-
ment of the operation policy W, ,(t) to W,(r) may be carried out and its use assumed
in the remainder of the time interval (¢, — ¢). The new operation policy W,(¢) should
better satisfy the conditions of minimum losses given by the functional equation
that can be derived for this case in the form
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dr dr

2 0B JB d OB
Z/ = —pie—n) M — | + M — - M ryl )
! j © { [6w} P <dW> a (dW) dr oM
1 a a
’ ' (3.258)

where 8W is the variation of the function W(t), M [ ] is the expectation (mean value)
of the variable analysed.

This approach also leads to the functional equation, i.e. to the solution of a vari-
ation problem. This method, however, has not yet been implemented practically
in WRS problems.





